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This paper presents a formulation of design sensitivity analysis of elastostatic body by
using the boundary element method. The objective function is defined in terms of a
boundary integral and domain terms at some discrete collocation points. The adjoint
method is utilized to eliminate the sensitivity coefficients of the unknown boundary dis-
placements and tractions. The adjoint system consists of Navier’s equation with body
force terms in the form of Dirac’s delta function. Some numerical results are shown to
demonstrate the effectiveness of the present method.
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Fig.1 Domain and boundary of a solid.

Navier 00000000000 O0O0O0O0OODOOOOO
goooooobooboooocoooooooooooboobooon
ooo

cijus(y) + / £, (2, y)us(2)dD (x) = / wly (@, y)ts(z)dT(z)

+ [ uhe b, yer (4)
Q

gbb0OzO0yOO0OO0OO0OO0OO0Oe; 00000000 yOOO
0000000000000 0000 1/26,; 0000000
v;0¢,00000000000000000000000
ooo

00D w;0¢;,00200000000000000000
goooocobooooooobooo

(2, y) = m {(3 — 41)6,;In (%) + r,ir,j} (5)

« -1 0
tij(x,y) = |: r {(1 — QV)(Sij + 27”,1'7",]'}

4r(1 —v)r | on

+ (1 —=2v)(rn; — T,jnz’)] (6)

D000r0020y000046,;00000000000n;

O000000000000000r/On00 z0000 r

gooooboooooooo
000000000000 w;0¢, 00000000

ui;(z,y) = {3 —4v)di; +rar 5} (7)

1
T 167G(1 —v)

—1

tij (@, y) = ’r(l =) {an {(1 =2v)di; + 3rr;}

+ (1 — 21/) (T’i’n]‘ — r,jni):| (8)

0(400000000000000000000000
00000000000 0000000000000000
0oooOoOooDDoooooooooo ®ooooooo
000000000000000000000000 Dirac
000000000000000000000000000
000000000000 000000D000000000

0000000000000000O0000O0O0O0O0Oo
0000000 {u}, {{000000000000000
00000 {4})00000000000000000000

(H]{u} = [G]{t} + {b} (9)
000000000000000000000000000
0000000000 0000000000000

(Al {z} = {y} (10)
0000{z}00000000000{y}000000000
000000000000 000000000000000

0(10)0000000000000000000000
0000000000 00000000000000000
000D000000D0D00000

1
E (1/61-]- — Tlin]‘) tenk +ting +tn;

2v
+ G{m (25ij - mnj) g

055 =

0
+ (0 — nink) aj + (056 — njne) az}%
2v
+ G{ T (205 —ning) Br
. N O
+ (Gix — nink) B + (55 — njng) 51}% (11)

0000w, ., 0000000D0O0000uk/d, duk/0B
goooooooooboooobooooooboboooooo
ooo

0000000000000 SomiglianaO0OOOOOOO

uily) = / t,(z, y)us(2)dD(x) + / uly (@, y)t(2)dT ()

—|—/Qufj(x,y)bi(x)d§2(x), y €N (12)



0(12)0000000000000000D0DO0O0OOO
goooo

2.2. 0000

gooooooooooboooOoooooboOobooooo
gooboooooobooobooboobOoobOooobooon
goboooooooobooboDboobD0 wOOOoOD0O 000
o ; UOO0O0OO0OO0OOOOOOOOODOOOOO

J:/gWJmE+§;/MmJMMx7fMQ Py
r Q

) (13)
000 g(us,t:)0h(u,0;) 00 0000000000000
0 wOlt0e,;00000000000000000000
0000006z —2%)0 Dirac00000002°0000
000000000D00000D0000000000000
00000D00J000J 000000000

7= [ (BLo+ ga)ars [
+Z/ (8u1 —h]aj) 5z — 2°)d2
+Zsj/ﬂh(ui,aﬁ)5(%z5)d9
3 [ W o)ite =) a0 (14

0000000 ()0000000000%0406; 000
00000000

Ui = uj + ug a5 (15)
i:i = t; + ti,ji‘j (16)
0ij = O',/L'j + 0 KTk (17)

000000000000000000000000000

00000000000000dIN0de000000000
(10)

dF = (:l'i'mym — fEi,jTLi’rL]’) dr’ (18)
dQ = &y m dQ (19)

0(40000000000 (B)OOODUUOODODOOO
0000000000000000000000 @006
gooooboooooooobbbooooobooboboooo
goboooboooboooooboboobboooboooon
gooooooboooboboboooboooboobooooonon
goooo0o0o00o0oU0UUUULD (BUUODODOUOOO
gooooOoooocoboooooobooo

23. 00000
0(3)ooooooooooo pPO0OOO

P=J+1 (20)

/000000000 NavieeODOOOOO Lagrange 0 O )\
00000000 00oD0oo0oUOoOooUooooooooog
goooo

IZ/Q)\J-C’ijkluk,liQ (21)

goooooooboobooboobOoobOooDbOooon
gooooooooooooDbbonoo
goooooboodooobbooooobbOoooooobo

(ur i) = (Ur) 1 — Uk mim,i (22)

DDDD(')DDDDDDDDDDDDDDDDDDDDD
gbobooooobooboboodobe,; 0002300000000
Oooooooono

0ij = Cijrl ul;,l

ij j (. ) (23)

= Cijri(ur) 1 — Cijritk,mTm,i

DD23DDDDDDDD(14)DD 300 o; 0nooon
O0o0Do0OoOooOoo0oo0oo0oo0o0o0o0o0o0o0o0o0oo

Ooh

q 003j

——640(x — 2°)dQ = / o Cijki uk)lé(x—zs) dQ
Tij

_ kUm0 (2 — 2°) )
/agucjkluk T i0(x — 2°)d

oh s .
= —/Q {a(fijé(m_z )},lCijkluk dQ

oh . s
—/ aTZ'jCijkluhmxm’lé(x —z )dQ (24)

0(24)0000000 (14000000000
’_ dg . ) 89 / i
Jﬁﬁ(mﬂ+mz £+er
oh . s
—|—Z/Qa—uz_ul5(x—z ) dQ2
—Z/ ((90' ) Z]kliLk(S(l'—Zs)dQ
ij
oh . s
— Z A %Cﬁklukéyl(m —Zz )dQ
+ /h5m—f(m
Z:Q ( )
oh . s
_EA 780'1']' Cijkluk,mxm,lé(x—z )dQ
+§;/m@—fmn (25)
s Q

ooOoroooo0oo0oo0obobooboIo10o00o00n
gooooboooooobooooooao

I:/)\jCijkluk,mi dF—/ )\j,iCijkluk,ldQ
r Q

(26)
= / )\jt]' dr —/ )\j,icijkluk,ldﬂ
r Q
go0r’'oo0oooooooo
I :/thdeJr/Ajfde‘F/Ajtde
r r r
—/ (/\;',i)cz‘jkzuk,l dQ—/ )\j,icijkl(ul'c,l)dQ
Q Q
—/ Nji Cijiun, dS2 (27)
Q



002700
N = Njmm (28)
(Aji) = Ajim®m (29)

0000 (22)00000000000000007000
goooo

F:/Mm%@£+/M@£+/MQﬂ
r r r
—//\j,icijkzibkm dr-l—//\j,icijkzuk,mimm dr’
r r
+/ )\j,ilcijkzﬂkdﬁ—/ 25,1 CijriUk,m T dS)
Q Q

_/Aj,icijkluk,li'mnm dr’ (30)
r

000000 PP=J'+I'000000000

P = (élfm)mﬁ+/ Gafm)MH
Ouy, I Ouy
dg AW dg AV
+/n (ati +>\Z>t,dl“+/ru (at,. —&—)\Z)tldf
+/ 2]kl)\j,zl +Z{6 Z'—Z )

oh s
( ) Cijkl(S(QZ —Z )
N

00i;
oh s .
_ ﬁCijkl&l(m —Z )} ’U,de
ij
%l/gdr+:/kﬁmideF
r r

—‘r/)\jtj d'F—‘r/"Tkuk’mI'm dr

r r

_/Aj,icijkluk,lftmnm dF—/ Aj,ilcijkluk,mftm dQ)
T Q

+ /héx—f(m
2:9 ( )

oh

- a_ Vij m-m —2° Q
;/ﬂaaijcjkluk, Tm,10(x — 2°)d

+Z/ hé(z — 2°) dQ (31)
s Q

oobobon 00000 ;;00OD0OOOCDOODOOOOO
Tk = CijriNjimu (32)

gooo

gos3iooboobobobooboobooobOooboooooa3ig
goooooboooobooobOouoobotwOds 000
0000000000000 4040000000000 a4,
0000o00o0o00ooo0o0oOb0O0o0O ;00000000
ooooooood

gooobooo

7,]kl)\] 1l +Z{6$—Z )

oh
- ( ) Cijklé(x — ZS)
N/

80'7;]'
oh \
- @Cijkléyl(l’ -z )}_ 0, x €N (33)
ooooo
9
m(x) = aTi(‘”) z el (34)
(@) —gf (@) wel. (35)

goobtooooboboooobocoboboobOobOobboOoDo
gobooobOoooooobObOoooobooooobooboooo

cihi(y) + / £, (. y)Ae() dT () = / uly(@,y)7i(z) dT(x)
+Z {uu 2°,y) 8h( s)+ufj,m(zs’y)0klim%(zs)}
(36)

0 (33)00 (34),(35)0000000000000000
000000000000 000000000000

/ 89 . 8g .

P = — 7 ) w; dl Ai | tidDl
/ru (auz‘ T) “ +/m (ati - )
+/gd'r+/Aj,m5cmtj dr+/Ajtj dr

T r T

+/Tkuk,mif‘m dr—/)\i,jm‘jimnmdf
r r

- ;{%Ui]’,mi’m + %Ui,mi‘m + hl‘m,m} (37)

0@700000000000000000000000
000D0000D0000DO00000 (370000000
000000000000 000000000000000
000D000000000000 (33)00 (34)0 (35)00
0000MNO0MN\:,0000000000 (37) 000000
00000

0000 (37)0000000000000000000
000000000 ugm, \; 0000000000000
000000 (11)000000000000000000
00000000000000000000

ou; ou; Ou;
a—nnj—l-a—aaj-&-aﬂ
8/\ o\ o\

YT on ™ T 9a Y T 93
O0000u;/dn, dX/on 00000 w, ADDODODOOODO
a;, 3, 000000000N/da, OA/00 0000 ADD
Joo00dooo0ooo0o000uw, AODODODODOODOOOO
OO00oo0ooooooooooobooooboooooo

Ou;/On, 0N;/On 0000000000 OOOOOOOOO

B; (38)

Uij =

(39)



I'p

Ly

Yyvy

Fig.2 An example model of a rectangular plate subjected

to uniform tensile stresses.
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Table 1 Errors of the sensitivities versus number of nodes

for the rectangular plate model.

Number of nodes Sensitivity P’ Error(0)
24 —3.1207131 x 10710 3.87 x 106
48 —3.1207131 x 10710 3.87 x 1076
120 —3.1207131 x 10710 3.87 x 10~
240 —3.1207118 x 10710 2.33 x 10713
\
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Fig. 3 An example model of a quarter region of the cross
section of a thick-walled cylinder subjected to a uniform pres-

sure on the outer boundary.
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Table 2 Errors of the sensitivities versus number of nodes

for the thick-wall cylinder model.

Number of nodes  Sensitivitiy P’ Error(0)
40 1.530280 x 10~* 2.64
80 1.560144 x 10~ 7.40 x 107!
160 1.568859 x 10~* 1.85 x 10~*
320 1.571042 x 10~ 4.62 x 1072
% | >
\ | _
| _ Lo Y - > 1
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Ly

Fig. 4 An example model of a square plate subjected to
uniform tensile stresses on the boundary with a displacement

measuring point.
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Table 3 Result for the sensitivity of the objective function
defined at an internal point in comparison with the exact

solution.

Present Exact

—7.801783368 x 1079  —7.801783264 x 10~
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