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This paper analyzes the accuracy of two-dimensional lattice Boltzmann method (LBM)
for the Poisson equation. By modifying the forcing term and the definition of the physical
quantity, the LBM eliminates the error term depending on the relaxation time. The
calculations for the Poisson equation with sinusoidal source show that the LBM obtains
the second order convergence rate in space and that there is good agreement between
the numerical and the analytical solutions. I investigate the computational efficiency
by comparative study with the finite difference method (FDM) including the Jacobi,
the Gauss-Seidel, and the SOR methods. The computational results for the Helmholtz
equation make clear that the approximate relaxation time makes the LBM faster than the
SOR method, or more accurate than the FDM. In addition, there is a trade-off between

the efficiency and the accuracy provided by the adjustment of the relaxation time in the
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LBM.
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Fig.1 Schematic of lattice nodes.
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(b) Analytical solution

Fig.2 Solution of the Poisson equation (34). k = 2.
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Fig.3 The dependence of the relative error and of the con-

vergence time on the relaxation time for Eq.(34).
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(a) Numerical solution
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Fig.4 Solution of the Helmholtz equation (37). A = 4.
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Table 1 The spatial convergence rates

Lattice size (N x N) E Lo
16 x 16 2.560 x 1072
32 x 32 6.419 x 1073 1.9958
64 x 64 1.606 x 1072 1.9990
128 x 128 4.015 x 10~%  2.0000

256 x 256 1.003 x 104 2.0005
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Fig.5 The dependence of the relative error and of the con-

vergence time on the relaxation time for Eq.(37).

Ly =log,(E(N)/E(2N))000000 L,0000000
0000000000000 00Tablel 00000000
000000 ED L,OODOOOOOTablel 00000
0000D020000000000000000
3.3. 000000000

0000D0w«w0000000000000000

Viu = Nu, (37)

goooooooooooboooon

sinh (1 — y) sinh u(1 — y)
= 1 B e—
u(0,y) b LY T
u(z,0) =cosmz, wu(z,1)=0, (38)
gooooOoo0ogoboooog
inh p(1 —
u(z,y) = coswxw, (39)

sinh

00000000p=vA+70000000000u=0
0000000000 Omazju™™ —u*<107°00000



Table 2 The computational efficiency

Method Computation time [s]  Time steps E
Present (1 = 1) 8.824 3,932 6.587 x 1077
Present (7 = 8) 0.583 289  5.632 x 10~2
Jacobi 0.977 4,635 1.322x107*
Gauss-Seidel 0.710 2,915 1.322x 104
SOR 0.561 1,882 1.322 x 107*
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