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Thispaperpresentsaniterativesolutionstrategyfbrboundaryelementanalysisofacoustic
fieldproblemsbasedonflexibleGMRESmethod、Ａｒｅcentlyproposedfbrmulationfbr
higherorderelementshasbeenusedfbrboundaryelementdiscretization，whichemploys

Burton-Millerapproachatinteriornodesandthenormalderivativeintegmlequationatthe
comernodesofaquadraticelement､Resultinglinearsystemissolvedusinganinner-outer
GMRESiterativeschemeinwhichtheouteriterationcolTespondstotheflexibleGMRES
method、TheinneriterationscorrespondtoｔｈｅＧＭＲＥＳｍｅｔｈｏｄａｎｄprovidearight
preconditionerfbrtheouterflexibleGMRESiteration・Numericalresultshavebeen
obtainedusingfUllyassembledboundaryelementsystemmatrix・Thepresent
implementationessentiallyfbrmsthefirststepinourongoingresearchondevelopmentofa
fastiterativesolverfbrtherecentboundaryelementfbrmulationfbrhigherorderelements．

KごyHwvfs:Boundaryelementmethod;acoustics;Helmholtzequation;flexibleGMRES

１.Introduction

Theboundaryelementmethod（BEM）offersanattractive
altemativetodomaindiscretizationmethods（FEM,ＦＶＭ，

FDＭ)fbrsolutionofacousticpmblems,BEMisespecially
attractivefbrexterioracousticproblemssinccitimplicitly
fUlfillstheSommerfieldradiationcondition、Reductionof

dimensionalityprovidedbyBEMtremendouslysimplifies
thep応-processingstepinvolvingmodelingandgrid
generation・However，thetraditionalBEMhasaserious
disadvantagevis-a-visFEMfbrlarge-scalepractical
problems・Theboundaryelementdiscretizationyieldsa
denseindefinitesystemmatrix，whichresultsincostand
memolyrequirementofO(ﾉV2)inthenumbcrofunknowns
ascompareｄｔｏＯ(ﾉV）requirementoffmiteelement
techniques､Thus,therecentboundaryelementresearchhas
beenfbcusedonfastiterativesolvers，whichcanalleviate

thisproblem[1-11]．Mostofthesedevelopmentsarebased
onKrylovsubspaceiterativesolvers［12］inconjunction
withappropriatepreconditionersandflstmultipolemethod
fbrevaluationofmatrlx-vectorproducts，whichreducethe
memoryaswellascomputationalcomplexityfiromO(ﾉV2)ｔｏ
ｏ(ﾉVlogaﾉV)whereα≧lisasmallpositivenumber，

AmongstKrylovsubspacesolversfbrgenerallinearsystems，
thegeneralizedminimumresidualmethoｄ（ＧＭRES）［13］
hasemergedasthemostrobustiterativesolver[14]．

Forexteriorproblems（orinteriorproblemscontaining
subdomains),specialcareis1℃quiredintheintegralequation
fbrmulation、Useofthestandardboundaryintegral

fbrmulationdoesnotyieldauniquesolutionfbrthisclassof

･OnleavefiomlndianlnstituteofTechnologyRoorkee．

problemsatresonancefiEquenciesoftheassociatedinterior
problem、Twodifferentapproacheshavebeenadoptedto
ensureuniquenessofthenumericalsolution・Ｔｈｅｆｉｒｓｔｏｎｅ
(Schenk［15]）employsadditionalcollocationpointsinthe
domain､Thesecondapproach（duetoBurtonandMiller
[16]）usesalinearcombinationofthestandardandthe
hyper-singular（normalderivative）boundaryintegral
equations､AvariantoftheBurton-Millerapproachhasbeen
recentlyproposedbyTanakaetal.［17,18]fbrhigherorder
elements・Thisnewfbrmulationemploysthecombined

integralequation（Burton-Millerapproach）attheinterior
nodesofaquadraticelementandonlythenormalderivative
boundaryintegralequationattheextreme（comer）nodal
points,Thisapproachensurestheuniquenessofthesolution
andalsoprovidesconsiderablereductioninthenumberof
evaluationsofboundaryintegralsandkemelfimctionsas
comparedtotheBurton-Millerfbmlulation，Thus，thisnew
fbmmlationwouldimprovethecomputationalefficiencyof
theboundaIyelementmethodfbracousticfieldanalysis、

BoundaryelementimplementationoｆＴａｎａｋａｅｔａｌ．
[17,18]]isbasedondirectsolutionoftheboundaryelement
system，whichprecludesitsapplicabilitytolarge-scale
problems・Thepresentworkisapartofon-goingeffbrtto
developafastsolverfbrthisfbrmulationwhichinvolves
twodistincttasks:(i)aniteIativesolverbasedonGMRES
methodwithanapproprlatepreconditioner，ａｎｄ（ii）
extensionoffastmultipolemethodfbrmatnx-vector
productsWefbcusｏｎｔｈｅｆｌｒｓｔｔａｓｋｉｎｔｈｉｓｐａｐｅｒ，Thc
secondpart，whichwouldcompletetheimplementationof
thefastsolver,wouldbereportedlater．
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Ｗｅｎｏｔｅｔｈａｔｍｏｓｔｏｆｔｈｅｅｘｉｓｔｉｎｇｆａｓtmultipole
boundaIyelement(ＦＭBEM)implementationsa応basedon
constantelements・AlthoughtheconceptualfiFameworｋｏｆ
ＦＭＢＥＭｒｅｍａｉｎｓｔｈｅｓａｍｅｆｂｒａｎｙｅｌementandproblem
type，detailsandcomplexityofimplementationvary
considerably、Thus，theavailabledetailsintheliterature
wouldrequireconsiderableextensionfbrFMBEM

implementationofthenewboundaryelementfbrmulation，
whichexclusivelyinvolvesquadratic（orhigherorder）
elements，

Wepresentabriefreviewofthenewboundaryintegral
fbmmlationinthenextsection、Ｔｈｉｓｉｓｆｂｌｌｏｗｅｄｂｙａｎ
ｏｖｅｒｖｉｅｗｏｆｔｈeiterativesolverbasedontheflexible

GMRESmethod,samplenumericalresultsandconcluding
remarks．

２.Bomdaryintegralfbrmulation

Fortimeharmonicbehavior,thepressurepinanacoustic
fieldisgovemedbytheHelmholtzequation

▽2p(x)＋A2p(x)＋／(x)＝０（１）

wherekisthewavenumberand／isthesourceterm､For
exteriorproblems,theHelmholtzequation（１）issolvedin

thedomainQe･ｗｈｉｃｈｉｓｔｈｅｃｏｍｐｌｅｍｅｎｔｔｏｔｈｅｏｐｅｎｓｅｔ
Ｑ仁R3withboundaryr＝ｒＮｕｒＤ・OntheDirichlet

boundaryrD，acousticp正ssureisprcscribedas

p(x)＝万(Ｘ)，ｘＥｒＤ（２）

OntheNeumannboundaryrN，acousticfluxisgivenas

，(柔)-祭=す(x》程r”（３）
Applicationof配gularizedboundaryintegralfbrmulationto
Helmholtzequation（１）yieldstheordinaryboundary
integmlequation(ＯBIE)[17]：

１Ｍ9.(澱,y)-Q･(掘加(x)｡r(難）

＋19Ｗ){p(x)-町)}dr(災）（４）

＝-卿11,.(x,y)v(雛)｡r(x)+』Ip.(蕪繍,j,）
whercp･(x,y)isthefimdamentalsolutionoftheHelmholtz

equationand9･(x,y)isitsnormalderivative;ｇ･(x,y)isthe

nonnalderivativeofthefimdamentalsolutionfbrLaplace
equation;ノistheintensityofthepointsoundsourceandy(x）
isthevelocity唾latedtotheacousticfluxby
9(x)＝一ifqPv(x),Pbeingtheairdensity・

Takingthenormalderivativeofeq.(4)atthesource
pointyresultsinthefbllowingnoImalderivativeboundary
integralequation(NDBIE)[17]：

！{.M-Q｡(x,J,)}p(x)dr(態）

＋Ｉ｡.(x,j,){p(x)-町)-,;,,(』抑“(j,)}｡r(x）

＝-叩!{ji･(x,y)-'｡(x,y)}v(x)｡r(x）（５）

‐抑!'.(x,y){v(x)-"銅(x)Ｍ,)}dr(x）
＋ゆ・(x$,y）

Intheprecedingequation,fbrafimctionz,身＝az/伽(y)，

ﾉ;,,＝Ｘ",－脇，〃"，ｉｓｔｈｅｃｏｍｐｏｎｅｎｔｏｆｕｎｉｔｎｏｒｍａｌｉｎ

ｄｉrection畑，ａｎｄ冴蛎ｉｓｔｈｅｆｉｍｄａｍｅｎｔａｌｓｏｌｕｔｉｏｎｔｏｔｈｅ
Ｌaplaceequation、

Equations(4)ａｎｄ(5)canberewritteninthefbllowing
compactfbImusingoperatornotation：

OBIE：（幼)(y)＋(ﾘﾉV)(y)＝6(y）（６）

NDBIE：（､p町)＋(Ｋ'iﾉ)(Jﾉ)＝6'(y）（７）

BoththeOBIE(6)ａｎｄＮＤＢＩＥ（７）failtoyieldaunique
solutionifthefrequencycorrespondstoaneigenfirequency
oftheassociatedinteriorproblem・BurtonandMiller［13］
showedthatalinearcombinationof(6)ａｎｄ（７）（CBIE）
yieldsauniquesolutionfbrallthefrequencies・Tanakaetal．
[17,18]]proposeanewmethodthatdoesnotapplythelinear
combinationatallnodesofaquadraticelement・They
insteadproposetouse(a)Burton-Millerapproach(CBIE)at
theendpoints(orcomernodes)andthescaledNDBIEat

therestofthenodes［17],ｏｒ(b）Burton-Millerapproach
(CBIE)atmiddleandNDBIEatcomernodes[18]・Boththe
optionshavebeenshowntoyieldauniquesolution，and
requirefewerboundaryintegralandkemelfimction
evaluationsascomparedtotheusualBurton-Miller
approach・Ofthese，option（b）hasbeenobservedtobe
slightlymoreefficientthanoption(a)ａｎｄissummarizedin
thefbllowingbox：

Intheprecedingequations，ｉ/kisthecouplingparameter
chosentoyieldafavorableconditionnumberandhasbeen

showntobequasi-optimalbyKress[19]．

３．１terativesolutionofboundaIyelementSystem

Boundaryelementdiscretizationleadstoalinearsystem
Ax＝ｂ （１０）

ＴｈｅsystemmatrixAisfUllypopulated,non-Hemlitianand
indefinite、Hence，thedirectsolutionofeq.(10）ｉｓ、ot
feasiblefbrlarge-scaleproblemsbecauseoftheprohibitive
memorｙａｎｄｃｏｍｐｕｔｉｎｇｔｉｍｅ１℃quirements・Thus，iteIative
solutionof（１０)istheonlyviableoption．

3.1GeneraliZedminimalreSidualmeth0d(ＧＭRES）

Variousiterativemethodsareavailablefbrsolutionoflarge
linearSystems・Ofthese,KIylovsubspacemethods［12]are
themost-suitableiterativesolversfbrtheboundaryelement
system（１０)．Thegeneralizedminimalresidualmethod

－８０－



(ＧＭRES)[１３］hasemergedasthemostrobustand
approprlatechoiceamongsttheKrylovsubspacemethods，
Variousblack-boximplementationsofGMRESare
availableinpublicdomain,whichcanbeeasilytailoredfbr
usewithaboundaIyelementprogram､Inthepresentwork，
wehaveoptedfbrtheGMRESimplementationofFraysseet
al.［20,21］whichisbasedonthereversecommunication

mechanismfbrmatrix-vectorproductsandpreconditioning，
andthus,pmvidesaveryflexibleinterfacefbritsintegration
withtheuser-specificprogramFulldetailsoftheGMRES
algorithmsandguidelinesfbrtｈｅｕｓｅoftheroutinesbased

onthemcanbefbundinFraysseetal.[20,21]．

3.2Approximateinversepreconditioner

TherateofconvergenceofanyKIylovsubspacemethodis
dependentonthechoiceofthepreconditioner・Various
preconditionershavebeentriedfbrtheboundaIyelement
systemfbracousticproblemincludingincompleteLU

decompositionandapproximateinversepreconditioners、
Approximateinversemethodsaregenerallylessproneto
instabilitiesonindefinitesystems，andhence，prefbrredin
boundaryelementanalysis・Theconstructionofthe
approximateinversepreconditionerisnormallybasedonthe
operatorsplittingtakingadvantageoftherapiddecayofthe
Green，sfimction［5]．TheintegraloperatorA（which

corTespondstothesystemmatrixA)canbesplitas

A ＝ ﾉ ４０＋』（１１）

whereノ40rep1℃sentsaboundedcontributionand別isthe

remainingpart，Thechoiceofthesparsitypattemhasa
stronginfluenceontheconvergenceoftheiterativesolver・

Carpentierietal.[22]discusstheeffectiveofvarioussparse
selectionsmtegiesinthecontextofelectromagnetic

problems、Typically，theoperator40isconstructedby

consideringalayerofelementsroaroｕｎｄａｓｏｕｍｅｐｏｉｎｔ

[22,23]・Althoughtheoperator，４０issparse，exact

applicationofA5lwouldbetooexpensive･Hence，an

approximateinverseofﾉ40iscomputedbasedonFrobenius

noImminimization（ieminllI-AMll『）toobtainthe
approximateinversepreconditionermatrixM・Frobenius
normischosensinceitallowsthedecouplingofthe
constrainedminimizationproblemintoﾉVindependentlinear
leastsquaresproblemsusingtheidentity

ノV

minllI-AMll:=ZminlleﾉーAnn,||：（12）
ノーI

wherem/isthecolumnvectorrepresentingtheﾉｌｈｃｏｌｕｍｎｏｆ
Ｍ,and9istheﾉihcanonicalunitvector,Theconstruction
oftheprcconditionercanbefUrthersimplifiedbyusingthe
sparseapproximationAobasedonthesparsitypattcm6Ii.For
eachsoumepoint/，‘Sﾘｉ＝{/,’ん,…,〃containsallthe
nodesinr0､FororderingSi,letusassumethatハーノ,then

theleastsquaresproblem

minllej-Amjll2，ノー1,…,ﾉＶ（13）
isequivalenttosolvingthelinearSystems[24,25］

H劃HIlノー1,ﾉＶ（14）

Thesolutionvectorsmノー(0,…,〃"!,胴"2,…,加必,0,...,0)Ｔ
ｏｆｔｈｅＮｓｙｓｔｅｍｓ（14）setuptheapproximateinverse
preconditionerM・

TheplEcedingapproachfbrconstructingthe
approximateinversepreconditionerisparticularlyusefUｌｉｎ
ｔｈｅｃｏｎｔｅｘｔｏｆｔｈｅＦＭＢＥＭｗｈｅｒｅａｌｌｔｈｅｅｎｍｅｓｏｆｔｈｅ

ｓｙｓｔｅｍｍａｔｒｉｘＡａｒｅnotavailableanditssparse
approxiｍａｔｉｏｎＡｏｃａｎｂｅｆｂｒｍｅｄｆｉｒｏｍｔｈｅｎear-fIeldpartof
thematrixwhichisexplicitlycomputed．

3.3ＦlexibleGMRESmethod

TheGMRESsoIverwithsparseapproximateinverse

preconditionerperfbrmsverywell［5,23,24]・Atthesame
time，ｉｎｔｈｅｃｏｎｔｅｘｔｏｆＦＭＢＥＭ，itispossibletoconstruct

e筋cientprcconditioners,ｗｈｉｃｈａｌｓｏｕｓｅｔｈｅＦＭＭ[9]・One
suchpossibilitywouldbetouseＧＭＲＥＳｉｔｓｅｌｆｔｏｆｂｒｍａ
preconditioner、However，suchapreconditionerwouldbe
essentiallynonlinear，whereasthepreconditionerfbra
KIylovsubspacesolversuchasGMRESmustrepresentthe
samelinearoperatorineachiteration,Amethodthatisfree
firomtheprecedingrestrictionisknownastheflexible
GMRES（FGMRES）［26]，whichessentiallyconsistsof
inner-outeriterations・Theouteriterationscorrespondtothe

right-preconditionedflexibleGMRESiterations・Theinner
itemtionscolTespondtothestandardGMRESiterations，
whichmaybepreconditioned・

UsingｔｈｅＧＭＲＥＳａｎｄＦＧＭＲＥＳｉｍｐｌｅｍｅｎｔａｔｉｏnsof
Fraysseetal．［20,21]，wehavedevelopedaninterface
routine，whichcanbeeasilyintegratedwithanyBEMor
FMBEMimplementation､Thisinterfaceprovidestheoption
ofseparatespecificationofalltheparameters-tolerance，
maximumnumberofiterations,prQjectionsizeetc.－and
user-specifledroutinesfbrmatrIx-vectorproductsfbrouter
FGMRESandinnerGMRESiterations，Workspaces

requiredbyFGMRESandGMRESareallocated
dynamicallybasedontheprQjectionsizeoftherEspective
Krylovsubspaces・

Insteadofusingafixedtolemancefbrtheinneriterations，
onecanuseavariabletolerancelinkedtothestateof

convergenceoftheouterFGMRESiteratio、｛lO］Sucha
schemewouldensurethattheinnerlinearsystemisnot

solvedmoreaccuratelythanwhatremainstobeachievedin
theouteriteration､Giraudetal.［１０]suggestthefbllowing

expressionfbrthetoleranceoftheinneriterationatthek-th
FGMRESiteratio、

giM創=蝋罰llbll1/(211mfcM唾sll2） (15）

whererkdenotesresidualatjt-thiteration・Useofthe

precedingrelationwouldensurethattheinnerGMRES
iterationsadapttotheouterFGMRESscheme､Theaccuracy
requestedfbrtheinnerschemeisrelaxedwiththe
convergenceofFGMRESiterations,whichshouldimprove
thecomputationale缶ciencyofthesolutionprocess・The
outlineoftheFGMRESsolverisgiveninthefbllowingbox．

－ ８ １ －



4.NumericalResults

ToassesstheperfbmlanceoftheflexibleGMRESmethod

fbrthesolutionoftheboundaryelementsystemarisingfTom
thenewfbnnulation，weconsideritsapplicationtotwo
representativeproblems、Thefirstproblemisanexterior
problem，whe応asthesecondonerepresentsaninterior
problemcontainingasubdomain．Followingparameters
havebeenusedfbrtheflexibleGMRESiteration：

・SizeoftheKIylovsubspace,〃＝５０
・Tolerancefbrconvergence,eouter＝1.0.-06

・Maximumnumberofiterations,maxiter＝lOOO
ParametersfbrtheinnerGMRESiterationsare：

・SizeoftheKrylovsubspace,〃2＝２０
・Tolerancefbrconvergence,Einncr＝5.0.-02

・Maximumnumberofiterations,maxiter2＝２０

Forbothproblems，flexibleGMRESrunsweremadewith

andwithoutpreconditionedinnerGMRESiterations、

However，thesparseapproximateinversepreconditioner
constructedusingasinglelayerofelementsdidnotwork、
Hence，wereporttheresultsobtainedwithun-
preconditionedinnerＧＭＲＥＳ．

connrmthecolTectnessoftheflexibleGMRESsolver・

Table21iststheCPUtimerequiredfbrthesolutionofthe
linearsystemwiththedi妃ctsolverandtheflexibleGMRES
methodForthissmall-sizeproblem，thedirectsolveris
nearlytwiceasfastastheflexibleGMRES．

ＦＺＥＸＩＢＬＥＧＭＲＥＳＳＯＬﾘﾉER

Settolerance8andinitialguessxo
beginFGMRES

Compute1b＝b-Axo；β=||ibll；ｖ!＝Ⅲb/β
ｆＯｒｋ＝１，２，…,maxiterdo／/FGMRESiteration

／/ＧＭ１ＲＥＳ“駅igjhrp…”｡〃zjひ"erﾉbrFGﾉＭＲＥＳ

ｂｅｇｉｎＧＭＲＥＳ〃SolveAzjt＝vAusingGMRES

COmPUteSinnc『,略＝Vk;β'=|剛;V(＝端/β（
fbrノー1,2,…,ｍｄｏ／/GMRESiterations

zI＝ＭｖＩ〃P'℃co"｡H伽"erﾉbrGMRES

Generatebasis,Hessenbergmatrix,etc・
Exitifconvergencedetected

endfOｒ

ｅｎｄＧＭＲＥＳ（retumzk）
GenerateAmoldibasis,Hesscnbergmatrixetc・
Solveleastsquaresproblem

minllβe1-面kyllfbry
Exitifconvergenceisdetected、

ｅｎｄｆＯｒ

ｅｎｄＦＧＭＲＥＳ(retumx＝xo＋Ｚ",y）

．
．
．
．
．
．
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．
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Ｌ
２
３
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６
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８
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２
３
４
５
６
７
８
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１
１
１
１
１
１
１
１
１
１

Ｔａｂｌｅｌ：Breathingsphereproblem:comparisonofsound
pressurelevelcomputedwiththeflexibleGMRES
andthedirectsolvers．

ResultsfbrsoundpressurelevelsfbrdifferentfiFequencies
arepresentedinTable3・Ｏｎｃｅagain，FGMRESresultsare
identicaltothoseobtainedwiththedirectsolver，Table4

1iststheCPUtimerequiredfbrthesolutionofthelinear
systemwiththedi唾ctsolverandtheflexibleGMRES・Ｏｎｃｅ

again,，thedirectsolverisnearlytwiceasfhstastheflexible
GMRES．

Ｔａｂｌｅ２:Breathingsphereproblem:comparison
ofcomputationtimefbrtheflexible
GMRESandthedirectsolvers．

Ｔａｂｌｅ３：Interiorproblem:compansonofsound
pressu唾levelcomputedwiththeflexibleGMRES
andthedirectsolvers．

4.2Interiorproblem

Wecomputetheacousticfieldintheinteriorregionbetween
twoconcentricspheres、Theradiioftheinnerandouter

spheｒｅｓａｒｅＯｌｍａｎｄＯ,２５mrespectively・Thesurfaceof
theinnersphereisvibratingwithavelocityv＝１．０ｍ/s､A
totalof288quadraticelementshavebeenusedfbr
discretizationofthesphericalsurfaces(numberofnodes＝
868).Thus,thesizeoftheboundalyelementsystem,ﾉＶ＝
868,whichisthesameasinthepreviousexample．

ＴａｂＩｅ４:Interiorproblem:comparlson
ofcomputationtimefbrtheflexible
GMRESandthedirectsolvers．

4.1Breathingspherepr0blem

Wecomputetheacousticfieldintheexteriorregionofa
sphereofradius０．２ｍ.Thesurfaceofthesphereisvibrating
withavelocityv＝１．０ｍ/s・Exploitingthesymmetrywith
respecttothecoordinateplanes，ｗｅｍｏｄｅｌｌ/8thofthe
sphere・Quadraticelementshavebeenusedfbrdiscretization

ofthespheresurface（totalnumberofelements＝２８８，
numberofnodes＝868).Thus,thesizeoftheboundary
elementsystem,ﾉＶ＝868．

Resultsfbrsoundpressurelevelsfbrdifferent
fiFequenciesarcpresentedinTablel、Thesearealmost
identicaltothoseobtainedwiththedirectsolver,ａｎｄthus，

－８２－

Frequency
Soundpressurelevel

Directsolver FlexibleGMRES

１ 1０６．９１７４ 106.9174

２ llO3６４１ 1１０ 3６４１

４ 1３２ 4４１４ 1３２ 4４１４

８ 1３８ 4382 1３８ 4382

2０ 1２１ 7339 1２１ 7339

Frequency
ＣＰＵＴｉｍｅｉｎｓｅｃ．（Iterations）

Directsolver FlexibleGMRES

１ 4.0625 8.15625（25）
２ 4.03125 7.53125（23）
４ 4.03125 7.84375（24）
８ 4．０３１２５ 7.21875（22）
2０ 4.03125 6.59375（20）

Frequency
Soundpressurelevel

Directsolver FlexibleGMRES

１ 1８７．１００４ 1８７．１００５

２ 1８１ 0797 1８１ 0797

４ 1７５ 0584 1７５ 0584

８ 1６９ 0352 1６９ 0352

2０ 1６１ 0579 1６１ 0579



Frcquency
CPUTimeinsec．（IteIations）

Directsolver FlexibleGMRES

１ 3.9375 6.5937(20）

２ ３8594 5.7031（17）

４ ３8594 6.0000(18）

８ ３7８１２ 10.0468(31）

2０ ３7８１２ 6.5937（20）

Forbothofthesesmall-sizeprobleｍｓ，thedirectsolver
isnearlytwiceasfastastheflexibleGMRES・Atthesame
time,letuskeepinmindthatthepresentboundaryelement
implementationisbasedonthedensematrix-vectorproduct
fbrGMRESiterations（inneraswellasouteriterations)．
Giventhesmallnumberofiterationsrequiredbytheflexible

GMRES,wecanexpectanorderofmaglitudeimprovement
inthecomputationalefficiencytheiterativesolverifthe
matrix-vectorproductcanbecomputedusingfast-multipole
expansions，ｉｎｗｈｉｃｈｗｅｃａｎｕｓｅａｈｉｇｈｅｒｏｒｄｅｒｅｘｐansion
fbraccurateevaluationofthematnx-vectorproductsinthe
outer(FGMRES)iterationsandalowerorder(lessaccurate）
oneintheinner(ＧＭRES)iteration

Therearequiteafewparametersandchoices，which
maypotentiallyaffbcttheperfblmanceoftheFGMRES
method・ＳｉｚｅｏｆｔｈｅＫＩｙｌｏｖｓｕｂｓｐａｃｅｉｓｔｈｅｍｏst
fimdamentalparameter・Table5presentstheeffbctof
variationofsizesoftheKIylovsubspacesofflexible
GMRES（耐）ａｎｄｉｎｎｅｒＧＭＲＥＳ（碗2）ontheoverall
perfbrmanceoftheFGMRESmethodfbrthesecond
problemResultsareincludedfbrasinglefirequency(trend
isverysimilaratotherfiFequenciesaswell).Forthegiven
valueofノＶ＝８６８，ａｖｅｒｙｓｍａｌｌｖａｌｕｅｏｆｅｉｔｈｅｒｏｆｔｈｅ

ｐａrametersleadstoslowerconvergenＣｅ・Amoderatevalue
of胴(≧20)togetherwithm2＝l5wouldbetheoptimum
choice．

Ｔａｂｌｅ５:Interiorproblem:ｐｅｒｆｂｒｍａｎｃｅｏｆＦＧＭＲＥＳ
withvarvingsizesofKrylovsubspaces．

ＦＧＭＲＥＳ IterationswithsizeofinnerGMRES

〃７ 碗Ｚ＝５ "２＝１０ 〃２＝１５ 〃２ ＝２０

1０ 7１ 5４ 3０ 3０

2０ 3７ 2０ １８ 2０

3０ 2９ 2０ 1８ 2０

4０ 2９ 2０ 1８ 2０

5０ 2９ 2０ 1８ 2０

5.ConcludingremarkS

WehavepresentedaflexibleGMRESfbrboundaryeleｍｅｎｔ
analysisofacousticfieldproblemsbasedonanewboundary
integralfbrmulationfbrhigherorderelemems・Resulting
linearsystemissolvedusinganinner-outerGMRES
iterativeschemeinwhichtheouteriterationcorrespondsto
theflexibleGMRESmethod・Theinneriterations

corTcspondtｏｔｈｅＧＭＲＥＳｍｅｔｈｏｄａｎｄｐｒｏｖｉｄｅａｒｉｇｈt
preconditionerfbrtheouterflexibleGMRESitcration・

NumericalresultshavebeenobtainedusingMlyassembled
boundaryelementsystemmatnx・Thepresentwork

essentiallyfbrmsｔｈｅｆｉｒｓｔｓｔeｐｉｎＦＭＢＥｉｍｐｌｅｍｅｎｔａｔｉｏｎｏｆ

thenewboundaryelementfbrmulationfbrhigherorder
elements．
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