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Thisworkpresentsafastimplementationofthemulti-domainhybridboundarynode
method（HdBNM）fbrnumericalsolutionofLaplace，sequationThepreconditioned
GMRESisemployedtosolvetheoverallsystemofequations､Ateachiterationstepofthe
GMRES,thematnx-vectormultiplicationissplitintosmallerscaleonesatthesubdomain
level，andacceleratedbythefastmultipolemethodindependentlywithinindividual
subdomains・Thecomputedmatrix-vectorproductsatthesubdomainlevelarcthen
assembledintoanoverallvectorusingtheequilibriumandcontinuityconditionsatthe
interfaces・ＯｕｒｍｅｔｈｏｄｉｓｔｅｓｔｅｄｂｙｔｗｏｂｅｎｃｈｍａｒkexamplesfbrthrEe-dimensional
potentialproblems,andhighaccuracyandefficiencyaIEobserved．
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１.Introduction

Meshlesstechniquestoobtainnumericalsolutionsfbr
PDEswithoutresortingtoanelementfiFamehavebeen

popularthroughoutthecomputationalmechanics
communityfbrthepasttwodecades・Thisisbecause,with
mesh-basedtechniquessuchasthefiniteelementmethod
(FEM)ｏｒtheboundaryelementmethod(BEM),thetaskof
meshgenerationfbrcomplexgeometriesisoftentime-
consumingandpronetoenPors,andthedifYicultieswithre-
meshinginproblemsinvolvingmovingboundaries，large
defbrmationsorcrackpropagationarecrucial・Many
meshlessmethodshavebeenproposedsofar,Ｓｏｍｅｏｆｔｈｅ
ｍｅｔｈｏｄｓａｒetheelementfieeGalerkinmethod(EFG）［l]，
themeshlesslocalPetmv-Galerkin(ＭLPG)approach[2]，
theboundarynodemethod（BNM）［3］andthehybrid
boundarynodemethod（HdBNM）［4-6]・Amongthese
methods，theHdBNMisatrulymeshlessboundary-only
method，whichcombinestheMLSapproximationscheme
withthehybriddisplacementvariationalfbrmulation・ltnot
onlyhastheadvantageofrEducingthespatialdimensionsby
oneａｓＢＥＭ，butalsodoesnotrequireanycellseitherfbr
inteIpolationofthesolutionvariablesorfbrtheboundary
integmtion・Infact,theHdBNMrequiresonlydiscretenodes
locatedonthesurfaceofthedomainanditsparametrlc
representation・Astheparametrlcrepresentationoｆｃｒｅａｔｅｄ
ｇｅｏｍｅｔｒｙｉｓｕｓｅｄｉｎｍｏｓｔｏｆCADpackages，ｉｔｓｈｏｕｌｄｂe
possibletoexploittheirQpe〃′41℃ﾙ"eα"だfeatures,and
automaticallyobtainrEqui正dcoefficients(representation)．
However,likeinthetraditionalBEM,thesystemmatrixof

theHdBNMisdenseandunsymmetricaLThecomputational
timeandmemoryrequircmentfbrdirectlyfactoringsuch
systemincreaserespectivelywithO(ﾉV3)andＯ(ﾉV2),whereﾉV
isthetotalnumberofdegreesoffTeedomlnordertoobtain

－７－

anefficientalgorithmnotonlyintermsofhuman-labor
costs(wheremeshgenerationisavoided)butalsointeIms
ofcomputercosts,wehaverecentlycombinedtheHdBNM
withthefastmultipolemethod（ＦＭＭ）［7-10]・The
combinedapproach(herecalledFM-HdBNM)reducesboth
thememoryrequirementandthetotalexecutioncountto
O(ﾉV).Therefbre,itispromisingfbrlargescalecomputations・

Inthispaper,wefilrtherimplementtheFMMtechniquesin
amulti-domainfbImulationoftheHdBNM

Multi-domainfbrmulationsareemployedwhentheentire
domainunderconsiderationisgovemedbyindividual
diffbrentialequationsindifferentpaItsand/orconstmctedof
diffbrentmaterials，Besides，ｉｎｔｈｅｃａｓｅｏｆａｄｏｍａｉｎｗｉｔｈ

ｃｏｍｐｌｉｃａtedboundaryprofileorparallelcomputation，the
domainmaybedecomposedfbrbettercomputational
efficiency・Inamulti-domainsolver,theoriginaldomainis
dividedintoafinitenumberofsub-domains,ａｎｄｉｎｅａｃｈｏｆ

ｔｈｅｍｔｈｅｆｉｌｌｌｉｍｅｇｒａｌrepresentationfbrmulaisapplied､At
thecommoninterfacesbetweentheadjacentsubdomains，
thecolTespondingfilllmatchingconditionsareenfbrced、
Howtosatisfythecontinuityandequilibriumconditionsat
theinterfacesisoneoftheimportantaspectsof
implementationfbramulti-domainalgorithm・Ｔｈｅｒｅａｒｅ
ｍａｉｎｌｙｔｗｏｍｅｔｈｏｄｓｉｎｔｈｅｌiterature：thestandardmulti‐
domainmethod[11]andthedomaindecompositionmethod
[12].InthestandaIdmulti-domainmethod,thedisc1℃tized

equationscorrEspondingtothesubdomainsareassembled
intoasystemofequationsaccordingtheboundaryand
interfaceconditions・Whilethematricesthatariseinthe

singledomainfbrmulationarefUllypopulated，themulti‐
domainfbrmulationleadstoovemllmatrixequationswitha

sparseblockedstructure・Inthedomaindecomposition
method，theinterfaceconditionsareassumedandthenthe

subdomainproblemsaresolvedindependently、The
modificationoftheinterfaceconditionisusuallyitemtive
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nodesﾉ；KiistheheatconductivityandXノareunknown

parameters、For3-Dpotentialproblems，thefimdamental
solutioncanbewritｔｅｎａｓ

＃＝-Ｌｌ
ｋｉ４”(9,sﾉ）

(3)

２
２
２

が
『
“
哩
塾

wheregisafieldpoint;r(9,sﾉ)isthedistancebetweeng
andsﾉ．

Thebdimdarytemperatureandnonnalheatfluxare
inte叩olatedbymovingleastsquare(MLS）approximation
[5]：

Ⅳ

‘(s)=Ｚの,(s)′，（４）
ノーＩ

Ⅳ

ク(s)=Ｚの,(s)ｳ，（５）
ノーI

Inthefbregoingequations,のﾉ(s）istheshapefilnctionof

MLSapproximation；‘ａｎｄウ，arenodalvaluesof
temperatureandnormalflux,respectively・
Usingthemodifiedfimctionalvariationalprincipleinall

local-regionsaroundtheboundalynodes,thefbllowingset
ofHdBNMequationscanbewrittenfbrsubdomain-l：

Ｕｘ＝Ｈウ（６ ）

Ｑｘ＝則（７）

Intheaboveequations,theelementsofmatricesU,Ｑａｎｄ

Ｈａｒｅｇｉｖｅｎｂｙ
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〃』‘＝!"①,(9)，』(9)ｄｒ
ｗｈｅｒｅＭノｉｓａｗｅｉｇｈｔｆｉｍｃｔｉｏｎａｎｄｓノisaboundarypoint，

ｒｓ』isaregularlyshapedlocalregionaroundagivennodeSノ

intheparametricrepresentationspaceoftheboundary
surface.(ForfUlldetailsofHdBNMreferto[5])．

Toassembleequations(5)and(6)intoanoverallsystemof
equationfbrtheentiredomainlater,wesorttheboundary
nodesintothreegroups：gmuplcontainingnodesthat
belongexclusivelyinsubdomain-l，group2containing
nodesthatareontheinterfacewithsubdomain-2,ａｎｄｇｒｏｕｐ

３containingnodesontheinterfacewithsubdomain-3・
Correspondingly,equations(5)ａｎｄ(6)arepartitionedinto
blockedmatrixequationsas

2.Multi-domainfbrmulationofHdBNM

Inthissection,wewillderiveamulti-domainfblmulation

fbrsolving3Dpotentialproblems、Thefbrmulationis
obtainedbyassemblingtheequationsfbreachsingledomain
intoanoverallsystemofequationsusingthecontinuityand
equilibriumrelationsalongtheinterfacesbetweenthe
subdomains・TheHdBNMfbrmulationfbrsolvingsingle

domainproblemshasbeengiveninrefbrence[5]､Forthe
sakeofsimplicityandtoallowfbraclearpresentationofthe
multi-domainfbImulation，weconsiderherethree
subdomains・

Thehybridboundarynodemethodisbasedonamodified
variationalprinciple，inwhichtherearethreeindependent
variables,namely：

‐tempeIamrewithinthedomain,’；

‐boundarytemperature,‘；

‐boundarynormalheatflux,す．
SupposefilrtherthatﾉVnodesarerandomlydistributedon

theboundingsurfaceofsubdomain-LThetemperature
withinthedomainisapproximatedusingfimdamental
solutionsasfbllows：

ｊＶ

ｊ=Ｚ"』r， （１）
ノーl

andhenceataboundarypoint,thenormalfluxisgivenby

９=-崎堂並x， （２）
ノー１６〃

where＃isthefimdamentalsolutionwiththｅｓｏｕｒｃｅａｔａ

usingdifferentmethodologies，ａｓｔｈｅＳｃｈｗａｍＮｅｕｍａｎｎ－
ＮｅｕｍａｎｎａndSchwarzDirichlet-Neumannmethods、

Repetitionoftheiterationprocessiscontinueduntil
convergence・Thedomaindecompositionmethodallows
difYerenttypeofdiscretizationmethods(e､g､BEMandFEM）
tｏｂｅｕｓｅｄｆｂｒａｎｕｍｅｒｉｃａｌsolutionoftheindividual

subdomainsandcouplingbetweenthemwithoutaccessing
tothesourcecodesofthemethods・However,ithassome

relevantparameterstobechosenandtheoptimalvaluesfbr
theseparametersareusuallyproblem-dependent・This
arbitrarinessrepresentsadisadvantageofthemethod・Inthe
presentpaper,weadoptthestandardmulti-domainmethod，

andmakefillluseoftheresultantsparsityofthematrix
equationsduringthesolutionprocess、Asthesparse
structu1℃ofthematrixisdirectlyrelatedtotheorderingof
blocksoccumnginthematlix,weusetheorderingstrategy
suggestedbyKane[11]toobtainanoptimalblocksstructure・
ThepreconditionedrestartedGMRESisemployedtosolve
thesystemequations・Ａｔｅａｃｈｓｔｅｐｏｆｔｈｅｉｔｅｒａｔｉｏｎｓｏｆ
ＧＭＲＥＳ，thematrix-vectormultiplicationｉｓａｃｃｅｌｅｒａｔｅｄｂｙ
ｔｈｅＦＭＭａｔｔｈｅｓｕｂｄomainlevel・Therefbre，ｔｈｅＦＭ‐

ＨｄＢＮＭｃｏｄｅｆｂｒsingledomainproblemcanbeused

directly・Thealgorithmisimplementedthroughacode
writteninC++､Inthecode,aninterfaceclassisdevisedto

dealwiththeequilibriumandcontinuityconditionsatthe
interfaces・Twobenchmarkexamplesofthree-dimensional

potentialproblemsareinvestigated，Numericalresults
demonstmtetheaccuracyandefficiencyoftheproposed

approach．
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where[冬]and{‘１ar喧fbrmedbymerging[U小ｎｄ

[ｇ],{聯|}and{州,respectively,accordingiotho
knownboundaIyconditions・Ｆｏｒｄｅｇｒｅｅｓｏｆ齢edomwith

prescribedtemperature,therelatedelementsin{剛}aro

subscriptsl，２，３denotethattheprescribedquantitiesare
associatedwiththenodesin厚oupsl,２，３，respectively､The
doublesubscriptダ,j,ﾉー１，２，３，isusedtoconveythatthe
pairofnodessﾉandSﾉinequations(8)and(9),bywhichthe
prescribedcoefficientmatrixblocksarecomputed,belongto
groupiandﾉ,respectively、
Similarly,fbrsubdomain-2wehave
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Attheinterfacebetweensubdomaiｎ－ｊａｎｄノ，boththe
temperatuIeandheatfluxmustbecontinuous,i､e､，

｛'４={’)｝（'7）

側=-{9ル（'8）

Ｉｆｗｅｕｓｅｔｈｅｓａｍｅｓｅｔｏｆｎｏｄｅｓｄｉｓｔｒｉbutedonaninterface

inthediscretizationfbrbothdomainsthatsharetheinterface，

thefbllowingrelationshipexists：

｛H/}={")｝（'9）

Usingthecontinuityconditions,equations(11)-(16)canbe
assembledintoanoverallmatrixequation：

3.AcCeleratingmulti-domainHdBNMwｉｔｈＦＭＭ

ＴｈｅＦＭＭｉｓｃａｌｌｅｄｏｎｅｏｆｔｈｅｔｏplOalgorithmsofthe
20thcentuIy・Itisanalgorithmfbrachievingfastproducts
ofparticulardensematriceswithvectors，andallows
reductionofmemorycomplexityinthemethodsbasedon

multipoleexpansions(intermofseries)toapproximatethe
effbctsofadistantgroupofparticles(nodesinHdBNM)on
alocalgroup,andthusachievesfastersummation・Ａｎｏｔｈｅｒ
ａｓｐｅｃｔｏｆＦＭＭｉｓｔｈａｔｉｔｕｓｅｓahierarchicaldecomposition
ofspacetodefineever-largergroupsasdistancesincrease、
For3Dproblems，anoct-treedecompositionisusually
employed・WehaveimplementedtheFMMtechniqｕｅｓｉｎ
ｔｈｅＨｄＢＮＭｆｂｒｓｉｎｇｌｅｄｏｍａｉ、problems・Inthispaper,we

willfbcusonhowtoacceleratethesolutionofequation(20)．
Whenanitemtivesolverisemployedtosolvealinear

system，themosttime-consumingpartofthesolution
processisthecalculationofthematrix-vectorproductat
eachiterationstep・Takinganiterationvectorintoaccount
andconsideringequations(11)-(16),wesupposethat
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selectedinto{‘１，andthecorrespondingrowsof[U;]are
selectedintom；otherwise,elementsin{剛}are
selectedinto{‘１，andthecorrespondingrowsin[α]are
Selectedinto[,4;］
Ｔｈｅｓｅｔｏｆｅｑｕａｔｉｏｎ（20）ｉｓsolvedfbrtheunknown

parametersx,then,byback-substitutionintoequations(11)‐
(16),theboundaIyunknownsareobtainedeitheronthe
interfacesortheextemalboundarysurfaces、

Theblockedmatrixinequation（20）isactuallyhyper‐
matrixwithsmallermatricesase､tries､Thezeroblocksin

equation（20）givetheequationaveIybeneficial
characteristic,ｉ､e・sparsity・Ｔｏｓｉｍｐｌｙｓｅｎｄｔｈｅｗｈｏｌｅｍａｔｒｉｘ
ｔｏａｎequation-solvingsubroutinewouldbeextremely
inefficient・Techniquesfbrbandedorvariable-banded
matrixequationsolvingarcalsoineffbctivebecauseofthe
lackofsymmetry､Ｔｏｃａｐｉtalizeonthespecialstructureof
thesesparseblockedmatrices,wechooseaniterativesolver，
i,e・ＧＭRES，ｔｏｓｏｌｖｅｉｔｉｎｔｈｉｓｓｔｕｄｙ・However，fbrthe
conventionalGMRES，boththecomputationaltimeand

memorysizerequiredtostorethecoefficientmatrlxare
proportionalto〃2,where〃isthetotalnumberofunknowns
intheoverallsystemofequations､Thislimitsthemethodto
relativelysmallscaleproblems・Acceleratingtheequation
solutionprocesswithFastMultipoletechniquesisnecessary
fbrsolvinglargescaleproblems．
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Thesesub-matricesarethefUrthersmallerdiagonalsub-

blocksofthemaindiagonalblockedmatrices,namely』1,,

U;2,Ｕ;3,“,蝋,醜,α,必anＭ;3,inequation(20)．
Thesub-blocksarefbrmedaccordingtotheleavesofthe
hierarchicaldecompositiontree､Ｍｏｒｅｐ配cisely,ifboththe
nodessJandsiﾉinequation(8)ｏｒ(9)resideinthesameleaf

theentryU〃ｏｒｇ〃isselectedintothecorrespondingsub‐

block、ThispreconditionerhasbeenproposedbyNishida
andHayami[9]andadoptedbyYoshidaandNishimura[１０］
fbrsolvingsingle-domainproblemｓｗｉｔｈＦＭＭ・This
preconditionermaynotbeefficientfbrmulti-domain

problems・Developingotherfbrmsofpreconditionersisan
importantsubjectoffUturereseamh．
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overallmatrix-vectorproductinequation（20）canbe
obtainedby

－ １ ０ －

4.1ThreecubeswithdifYerentmaterialproperties

Asimpleheatconductionproblemisfirstconsidered､The

domainoftheproblemconsistsofthreeequalcubeswith
difYbrBntthermalconductivities(Figurel).Thesidelength
ofthecubesisα＝lmTheusedheatconductivitiesfbr

cubesDl,Ｄ２ａｎｄＤ３ａｒｅＫｉ＝１．０Ｗ/ｍＫ,喝＝３．０Ｗ/ｍＫａｎｄ

崎＝２．０Ｗ/ｍＫ，respectively、Ａｕnifbrmtemperaturcof

200KisimposedattheleftendfaceofcubeDlanｄｌＯＯＫａｔ

ｔｈｅｒｉｇｈｔｅｎｄｆａｃｅｏｆｃｕｂｅＤ３、Allotheroutersurfacesare
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Figurel・Geometlyofthedomainconsistingofthreecubes．
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where〃j配presentsnodalvaluesoftemperature‘ornormal

flux9,andli'|…isthemaximumvalueamongthenodal
values;〃isthetotalnumberofnodes;thesupeIBcripts(e）
and（"）refertotheexactandnumericalsolutions，

respectively．

（23）

Thecomputationalcostsfbrtherighthandsideofequation
(23）aretrivial，andcanbeignored・Thesummationsin
equations(21)and(22)canbeacceleratedbyFMMwithin
eachsinglesubdomainindependently・Intheabovesolution
procedure，thecoefficientmatrixinequation（20）needs
neverbefbImed，anditsuseispurelysymbolic・The
matnx-vectorproductinequatioｎ（20）isdividedinto
smallerscaleonesatthesubdomainlevel,ｔｈｕｓmakingthe

fUllestuseofthesparsitypattemofthecoeffIcientmatrix,as
considerationoftheemptyblocksiscompletelyavoided・
TheacceleratedsummationprocessbyFMMfbrthesums

inequations(21)and(22)isexactlythesameasthatinthe
FM-HdBNMfbrsingledomainproblems・Wecreatea
hierarchicalspacedecompositiontreefbreachsubdomain，

Allthecomputersubroutinesfbrsingledomainproblems
canbeexploitedheredirectly・Wehavedescribedthe
algorithmofFM-HdBNMfbrsingledomainproblemsin
references［6]､Ｔｏavoidrepetition,wewillnotdiscussit
hereagain､Thereaderisrefbrredtothepaper[6]fbrfilrther
details・

Ontheimplementationoftheabovealgorithm,weremark
thefbllowingtwoaSpects：

LThesparsitypattem（populationoftheblocks）ofthe

coefficientmatrixineqUatiｏｎ(20)hasasevereimpacton
theconditionnumberofthematrix,andthusonthesolution

procedureespeciallywhenaniterativeequationsolveris
employed、Thesparsitypattemofthesystemequationis
determinedbytheorderinｇｏｆｕｎｋｎｏwns、Inorderthatthe

nonemptyblocksinｔｈｅｏｖｅｒａｌｌｓｙｓｔｅｍａｒｅａｓｃｌｏｓｅｔｏｔｈe
maindiagonalaspossible，weusetheparticularordering
suggestedbyKane[11]､Theorderisdeterminedbylisting
allpermutationsoftwosubdomainsasshownbelow：

’’’２１３２１．２２２３３１．３２．３３

Forpemmtationswherethefirstdigitislessthanthe
seconddigit，blocksofpotentiala１℃generated；otheIwise，
blocksofnormalfluxaregenerated・Thepermutations
associatedwithbｌｏｃｋｓｏｆｎｏｒｍａｌｆｌｕｘａｒｅｓｈｏｗｎｗｉｔｈａn

asteriskintheabovelist、

２.Ｔｈｅｓｅｌｅｃｔｉｏｎｏｆａｇｏｏｄｐ妃conditionerfbrtheGMRES
iscrucialfbritsconvergenceandcomputingefficiency､Itis
evenmoresowiththemulti-domainfbrmulation,sincethe

populationoftheoverallequationmatrixisnolonger
diagonallydominated・Ｉｎｔｈｉｓｓｔｕｄｙａｓａｐｒｉｍａｒｙｓｔｅｐ，we
justsimplyuseablockdiagonalpreconditionerthatis

obtainedbyinversingthediagonalblockedsub-matrices．

4.Testproblems

Theproposedtechniqueshavebeenimplementedinacode
writteninC+＋ａｎｄtestedwithtwobenchmarkproblems、
Ａｌｌcomputationsarecarriedoutonthesamedesktop
computerwithanlntel(R)Pentium(R)４ＣＰＵ（1.99GHz)．
ＣｏｎｃｅｍｉｎｇｔｈｅＦＭＭａｎｄＧＭＲＥＳ，wetruncateallthe
infiniteexpansionsafterlOterms,setthemaximumnumber
ofboundarynｏｄｅｓｉｎａｌｅａｆｂｏｘｔｏｂｅ６０,andterminatethe
iterationwhentherelativeeITorislessthanlO-6・Toassess

theaccuracyofthemethod,wecalculatetherelativeerrorof

nodalvaluesoftemperatureusingthefbllowing‘global，Ｌ２
ｎｏｒｍ：

ｌ
一
脈

ｅ ” (24）
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prcscribedasheatfluxfiFee､Forthisproblem,thefbllowing
exactsolutionisavailable：

咋隙熱
－１≦ｙ＜０

０≦ｙ＜１

１≦ｙ≦２

(25）

Wenaturallytreateachcubeasasubdomainandperfbnn
computationsonfivenodearTangements，namely，１０×10,
20×２０，４０×４０，８０×８０ａｎｄｌ６０×l60nodesunifbrmly

distributedateachsquaresurfaceofasubdomain、Results
aresummarizedinTablesl，inwhichthefirstandsecond

columnslistthenumberofnodesusedononesquaresurface
andthetotalnumberofnodes;thethirdandfburthcolumns
listthｅｎｕｍｂｅｒｏｆｉｔｅｒａｔｉｏｎｓｏｆＧＭＲＥＳａｎｄｔhetotaltimes

fbrsolvingthesystemequations・Infifthandsixthcolumns，
the”lativeerrorsofnodalvaluesoftemperatureandnormal
fluxareprEsented．

distributionisusedastheexactsolution：

′＝Jr3＋Jﾉ3＋z3-3yX2-3Xz2-32リノ２ (26）
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Table１.Resultsfbrthedomainconsistingofthreecubes

、
ノ

メ
、
１
／

Ａ×Ａ

ｌＯ×1０

２０×2０

４０×4０

８０×80

160×160

ＤＯＦ苫

'800

7200

28800

115200

460800

Ｔ(s）

３１３

３８１

2461

13578

72799

ｅ"1画”ｐ

1.2×10-5

5.2×10-6

2.7×10-6

1.8×10.6

8.9×1０－８

er7)7"ｘ

7.6×10-3

3.6×10-3

1.8×10-3

1.3×10-3

1.2×1０－４

andルー５．WeusethisexampletocomparetheefHciencies
betweenthemulti-domainandsingledomainsolution

strategiesunderthecircumstancethatFMMisemployedto
acceleratetheequationsolution・Forthispumose，wefirst
modelthecylinderasasingｌｅｄｏｍａｉｎ(FigUrE3a),andthen
decomposeitintofbursubdomains(Figure3b)andsolvethe
problembythemulti-domainmodel・Thefbllowingfield

(a)Singledomainmodel

200

Ｄ§

／

、‘

一一－－－－一一
、
へ

〆蚕==ｆ
（b)Foursubdomainsmodel

Figure3､Modelingofthehollowcylinder．

／

1００
PotentialboundaIyconditionsareimposedontheinner

andoutercylindricalsurfacesandnormalfluxboundary
conditionsonthetopandbottom勉ces，accordingto

equation(26).ComparativecomputationsareperfbImedon
fivepairsofnodalarTangeｍｅｎｔｓｆｂｒｔｈｅｔｗｏｍｏｄｅｌｓ・The
totalnumbersofdegreesoffireedomfbrthesenodal

a】rangementsarelistedinthefirstaｎｄｎｆｔｈｃｏｌｕｍｎｓｉｎ
Ｔａｂｌｅ２ｆｂｒｔｈｅｍｕｌti-andsingle-domainmodels，

respectively，IneachpairofnodalarTangements，fbr
compalability，wediscretizetheoutersurfacesinｂｏｔｈ
ｍｏｄｅｌｓｗｉｔｈｔｈｅｓａｍｅｓｅｔｏｆｎｏdes､Table2showsthatthe

numbersofdegreesoffTeedomfbrthemulti-domainmodel
areslightlybiggerthanthesingle-domainmodel・This
diffbrenceisduetotheadditionalunknownsthatare

introducedi､totheoverallproblembythesubdomain
interfacesinthemulti-domainmodeL

ThesecondandsixthcolumnsiｎＴａｂｌｅ２１ｉｓｔｔｈｅＣＰＵ

ｓｅｃｏｎｄｓｆｂｒｃｏｍputingtheequationcoefficientsbythe
single‐andmulti-domainmodels，respectively・Thethird
andseventhcolumnsindicatethetimeusedfbrsolvingthe

overallsystemofequations、Ｉｎｔｈｅｆｂｕｒｔｈａｎｄｅｉｇｈｔｈ
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Figure2､Temperaturedistributionalongthecentralline．

4.2Acylinderofunifbrmmaterial

Thesecondexampledealswithathickcylinderofunifbrm
material(Figure3).Dimensionsaregivenasα＝５，６＝７

Numericalresultsobtainedfbrthetemperaturewith
lO×lOnodesoneachsquareface，togetherwiththeexact
solutions,alongthecentrallinefiFom(0.5,‐1.0,0.5)ｔｏ(0.5,
2.0,0.5）arepresentedinFigure2・Thetabulatedresults
showthatouralgorithmiscapableofperfbmlinglarge-scale
multi-domaincomputations・Highlyaccurateresultsare
obtainｅｄｗｉｔｈａｓｍａｌｌｎｕｍｂｅｒｏｆｂｏｕｎｄａｒｙｎｏdes，and
improvedwithincreasingnumbeｒｏｆｎｏｄｅｓｕｓｅｄ,Thehigh
accuracyisalsodemonstraｔｅｄｉｎＦｉｇｕｒｅ２，wherethe
numerical妃sultsagreeexcellentlywiththeexactsolution．

－１１－



columns,therelativeerrorsofnodalvaluesofpotentialare
prcsented・Itisseenthat,inallcasesofnodalaITangement，
thesingle-domainmodelusedslightlylessCPUseconds

bothfbrcomputingcoefficientsandfbrsolvingequations
thanitsmulti-domaincounteIpart，whiletheresultsa配
equallyaccuIate・Thisobservationisincontrasttothatmade
fbrtheconventionalmulti-domainBEM［11],whereboth
theaccuracyandefficiencycanbedramaticallyimprovedby
themulti-domaintechniquesinmodelingslenderobjects・
Thereasonfbrthismaybethat,ｉｎｔｈｅＦＭＭｃｏｎｔｅｘｔ,only
thecoefficieｎｔｓｆｂｒｐａｉｒｓｏｆｎｏｄｅｓｉｎｔｈｅｎｅａｒｆｉｅldare
directlycomputed，andthustherequi1℃dfloating-point
operationcountstobuildthecoefficientmatrixandtosolve

theequationareoforderO("）ratherthanO("2）ｉｎthe
conventionalmulti-domainBEM・

Table２.Resultsfbrthethickcylinderproblem

Ｍｉｲﾉ"-ｄｂｍａ腕modｾノ

DOF371,.可(s）7199ｕ(s）ｅ蝿
11888

47448

106688

189608

296208

７１１

４１２７

7753

22482

33889

１１６７

6418

12516

34743

65317

Si"g陀一”腕α加加odｾノ

5.1×1０４

1.6×1０．４

9.9×1０－５

7.1×10.5

4.1×1０．５

ＤＯＦ芯 Ｚ｡シ(s）喝側(s）ｅｒ';’
10288

41048

92288

164008

256208

５３０

３９０６

8065

20297

33373

８０３

５２０３

8937

22378

43899

5.7×１０斗

1.6×10.4

9.5×10.5

6.8×10.5

5.4×1０－５

5.Conclusions

TheFMMtechniqueshavebeenimplementedinamulti-
domainfbnnulationoftheHdBNMfbrnumericalsolution

ofLaplace，sequationThematrix-vectormultiplication
duringtheequationsolutionprocessissplitintosmaller
scaleonesatthesubdomainlevel,andisacceleratedbythe

FMMindependentlywithinindividualsubdomains・
TwonumericalexamplesareprEsentedtostudythe

perfbrmanceoftheproposedmethod・Highaccuracyand
efYiciencyhavebeendemonstrated・Ｉｔｉｓｃｌｅａｒｔｈａｔｔｈｅ
ｍｅｔｈｏｄｉｓｓｕｉｔａｂlefbranalyzinglarge-scalemulti-domain

problemssuchasmodelinｇｏｆｃｏmposites、Inthe
conventionalBEM,ｍulti-domainstrategiesareusuallyused

togetbettercomputationalefTiciencyfbrlongslender
objects・Forthemulti-domainFM-HdBNM,however,thisis
nolongerfbasible，becausetheFMMhasalreadyreduced

thecomputationalscaletonearlylinearcomplexity、
Theblockdiagonalpreconditionerｂａｓｅｄｏｎｔｈｅｌｅａｖｅｓｉｎ

ｔｈｅＦＭＭｔｒｅｅｓｔmcturemaynotbeefficientfbrmulti-
domainfbrmulation，becausethecoefficientmatrixinthe

multi-domainequationisnolongerdiagonallydominated・
DevelopingotherfbrmsofpreconditionerintheFMM
context，ｓｕｃｈａｓｔｈesparseapproximateinverse
preconditioner[13],isnecessaryfbrperfbrminglarge-scale

computationsofpracticalinterest・Thisisanimportant
subjectoffUtureresea1℃h，
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