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CONSIDERATION OF INTEGRAL EQUATIONS FOR THE FAST DIRECT SOLVER OF THE
TWO DIMENSIONAL HELMHOLTZ TRANSMISSION PROBLEMS WITH RELATIVELY HIGH
CONTRAST MATERIAL PARAMETER RATIO
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We focused on the transmission problems of the 2D Helmholtz equations and investigated
the applicability of the fast direct solver of boundary element method when there is a high
contrast material parameter ratio between the interior and exterior domains. For this
study, we have proposed a modified version of the Burton-Miller integral equation, which
is expected to compute proxy-based interpolation with high accuracy since it has well-
suited arrangement of integral operators. A proposed fast direct solver outperforms the
conventional method in computational speed. However its numerical accuracy is inferior,
and the reasons behind it could not be provided in this study. Additionally, through our
numerical experiments, we have highlighted that there might not be any advantages in
utilizing the PMCWHT integral equation within the framework of fast direct solvers.
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Fig. 1: Domain of transmission problem.
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Fig. 2: €~ vs. relative error or elapsed time over ¢~ =
0.1 to about e~ = 50. Plot intervals are 1. Number
of collocation points is 12800 excluding non fast BM.

Number of collocation points of non fast BM is 3200.
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Fig. 3: Relative error of u over narrow ranges of £~.
Plot intervals are 0.0002. Number of collocation points
is 12800 excluding non fast BM. Number of collocation

points of non fast BM is 3200.

WENRIRXA—ZDary b7 A MEEM/MNIELIEE &
DEMAHEAEZ AV @R EEREOINE L #N. av
b7 2 MEEOWUN R U TETFEDO BUERE S non fast
BM ¢ FI% 0D S5 X THR T 2 0 REET 5 729, AHITER
DFAEE e 5L L 40 (HED & & DEEFHE % Fhi L
J2. TOBMEFEBRIZED, WE T X —XDOM/NRZE I
L T skeletonization {EDFER D ZWTEN L TWiR W % HED
HBIEMPTE, REOEHEECE T2 ERIELNS. B
ROBOIATHT & R B E R 2 V7235813 12800,
W72 WI5E (non fast BM) IR O #E 2 5 3200 &
L7z, £/-6ESHBECFHI Ry MM E QR DEDFRRZE
Fe=1002 DAL L.

Fig. 3(a) 12 e~ = 5 FHTIC BT 2 BAEIRD w HR5 DM xF s



%77, modi. BM, BM, multi-trace \& 5@ f#% 7% L @ non
fast BM & [F]%E DB DHEFS » 7o T W3 . — 75 T naive
PMCHWT (&5l 2 1% e~ = 5.01 31 TEUEAR DA R ZE D H#E
BRELsIrTERL, ZOMOBETHL A ZATHrHE
MANCHERB L TWa., £/ =5.0725 5.08FICBIT2
MR EOBEE, AR EEECET 2L/

SnBEmEHOUEEGHOMBELEZ b h s 19,

I Fig. 3(b) 1T e~ = 40 fHEIC B 3 BB D w #57 D
WREERRT. e =5D X B D, non fast BM & [Flf#
WCEERR DR ERZE DI & D ICHERE 5 % DI multi-trace D &

ThHo7=.
X0 40.032 {F3E THXTEREIE L =,

modi. BM, BM, naive PMCHWT & ¢~ = 40.003
Z D EALIZ non fast

BM QX R 67wz, proxy #EIZ & % ir LLEEAT 23 KT
HHrrEZONS. £z, naive PMCHWT X e~ = 40.09 2
5 40.1 15 THINFRZ OHER 238 & 20 Tldiz v (R

IR o TWD) A H 5.
3.3. BFRIEMM DOIREE

BRI, RETEOSEMEL LTOMRELZHERET 2. A

=R

IR o LA
MY E QR DRDEF

733

Rre =40k L, MlEDREEDOHERY
NiEEITe=1072 DAL L. EHD

BN 2L XE7 e 2O BERMOHER % Fig. 4(a) 12,
fEf#E v OMHXTEREDHEFE % Fig. 4(b) ICZNZFH/RT. non
fast BM OEFI B IXEERM O E D S5 N = 25600 £ T

L7

1.0e+05 T
modi. BM —+—
BM —>—

1.0e4+04 multi-trace

naive PMCHWT
non fast BM

1.0e+03

1.0e+02

1.0e+01

Elapsed time (s)

1.0e+00

1.0e-01 L L L
10000 100000

Number of collocation point

(a) Ne

1.0e+00

(number of collocation point) vs. Elapsed time.

modi. BM —+—

BM —>¢—
multi-trace
naive PMCHWT
non fast BM

1.0e-01

1.0e-02

T

Ly

N
~

1.0e-03

1.0e-04

Relative error of u

1.0e-05

T

1.0e-06 L L
1000 10000

Number of collocation point

100000

(b) Ne (number of collocation point) vs. relative error of u.

Fig.4: Elaplsed time and relative error with e~ = 40.

Fig. 4(a) 25, 22 FIETH % modi. BM 2 ELTXNTD
BB EEIEDY O(N,) BEORBEHEE O HEEEEZ TR L
T2 Zedbh 5. FHEEEIXEIC modi. BM > BM > multi-
trace > PMCHWT DJIHT® D, modi. BM 23 d #h o 7z,
modi. BM BRAEOE L D 72w BM & b b Em#E R
VAR & R i3 O 3t B IC proxy K T3 2 A
EROFEB XUOHERY b QROBDOFHEDD 2L THED
72D TH5. FERELEFEIE ON,) & h b/ KEHEE
HEERLTWS ESICAZX 35, ZHiX Eigen 2REIREL
HE D RITHRIC AVX2 72 ¥ @ SIMD FEE 4 2 W T A
L, CPUD1a7z X hMBICHW LD EEZLNS.

Fesent g ¥ UTH W2 non fast BM 1& O(NZ2) & O(N2) @
ORI SO BEMEEIC R Z 52, ZhIZBEDHE
R AS O(N?) OB b X Nz BR T > & v L DRE DR &,
O(N3) O LU g0 &it e k-oTHD, N.BWhZ v =12
BERT Y VORI D 5T B 2 E T 3729 T
H5.

—77, Fig. 4(b) 75, REFETH % modi. BM IZHEE
R UBM & bEEMROHEMEENKREV EBDLB.
N, = 25600 ¥ Tl¥ BM & modi. BM % multi-trace & D %
BUEMR DN FRZED/NE L, 131F non fast BM & FIF DK E
Tho-.

Lo LD o & mREEERE Ne B KE LT 2100,
WA O RAEZR /NS TERL RZEIBEFEET 5. Hi
Z1¥ modi. BM Ti& N, = 25600 LU fE D HExFFRZE 28 L
TW3. multi-trace XD KER N, FTHEEZMRFTET
W5HDD, N.=204800 LIFEIZHEM L 7. Ui f#
ZHW2 e (12) KB 2 REHKT 2 iR B 5
Re Xy MRS 72D TH D, ZREBEICHRATERE
JEfES 2BUCZ DR D AEZFICRZD, b OfTHEETLT 3
72D BERERPRELTCLEIDTHEEILN
3. BEfROBACRR MBS 7 L3V X AT TRS,
N, 2 EMEEREHES T LI DSR2 2w S A
THWAEELHH AR 2 X VR T2ERDO 120TH
5. ZOWBIZEHIZEIAREE BTV —T7LICEER
SEZRB EEME Y, MEFEXLEMT 2 level D Z R
LTI REDMREMNEITRIRET D 245, RARINCITHM A
DEEFEOHEDLELEZOND.

AEHOFHBEIZBWTSH, naive PMCHWT 133 BRI D
T HEFT FAEEORIKT D M EEERERIEICE->TE
D, AR TEML ZBEFEIXTTHRAEEZRES
MBTERPoT.

4. B5NTMROBIBL SEBORE

ARIFFETIE 2 XIT Helmholtz /52 D transmission [ &
EXRE L, NAOYERTRA—ZDay b7 A MEHKE
RGEOEREBREREREOBEHE L RAE L /2. MIEICH
720, HEIFRARE DI E D EE B AR IE ISR proxy HED
BATHEMN XL, proxy Bk 2 HlilE %2 EREICHEITTE
% L H#EE X B ZE A Burton-Miller DFE ) HRENXEH 7212



BRI

F7- TR R LU= ZE A Burton-Miller OFE 5 AR E FH W
FERE AR, FHEEE CHEE O Burton-Miller DFE 5
FEREXzHWESHREEREZ LR 00, BUEMEDRE
& 138 % @ Burton-Miller O fE53 R % W7z m#E %
FRIFICHPIOE  Bir D H o7z, 7272 LEBRFIEIE multi-
trace 0 AR &2 F W B E RS b FREE O BUER O
BEEELTEY, HHZObOKMEZRVWEEZONS.
A2 T I8 H D Burton-Miller DFE5) 2R % F W 72
EE ML OBEF B EICIREFHES L U multi-trace B
XAV EREEREOBE B ENS 2 HE 3
HTETELT, $ALERMEHEMS B 2DFBERED
KTHMETH D, proxy EDMH G IERLHME RO #REERSE
WERLRENDZ eHEINS.

AR TE, KSHWSN 2 PMCWHT ER Lo
AABRRNEEEEERE TR MOBES ARz HVAFIEL
DG ETERME  BEROBEDO NI TS S 2 & e BIEEERIC
X OfEML.

X 51 multi-trace F7 R E AW B E#ERIRX, ¥
BT A= R B2 NCEALE BT & ZIZHUARD proxy ED
HEEPREDZTICA VI 2 BUENICHEL D /2.

S, XDV FICERERBEEEHATREE 75729
Wik, SREMEICBT % proxy IEOBEA TIEOEE 2 HED %
Y DBRETHD. FER proxy IBIRBRIILTFIETHD, £
DRGEZEAITIEZE S 2o TWaRW, —J, SEAW
7= skeletonizaion AT B EFR D kv e X h 5 &R EEETE
BEFEET 3. 20 19T % randomized SVD1I0) 12 5¢
ULV S R%l o s s (D & v 8812819 3 £H8
Burton-Miller DF 53 2 & B ERD £ H & OFUERRFEE D
It b BRI I EEZOND. EBIHOWE TV —
7 (i z21E (07 18) 72 &) 3 skeletonization % T transmission
[ & g < BRI & < AW % Rokhlin-Muller B! o [ #3455 53
HER ) OEAE AR BELS D LER L. BERD
Rokhlin-Muller %4 o [ #5748 73 /5 #2301 PMCHWT € 1t
O AR L FRE, BBORRZEIERAZEONDETHED
METH D, proxy IEEZMB LS EITTERVATREMED H 5
72DTH 5.

AWFFEIZ JSPS B E JP23K19972 DBk %2 5213 7=.

2E Xk

(1) Naoshi Nishimura. Fast multipole accelerated boundary
integral equation methods. Applied mechanics reviews,
Vol. 55, No. 4, pp. 299-324, 2002.

(2) Timothy Paul Pals. Multipole for scattering computa-
tions: Spectral discretization, stabilization, fast solvers.
Ph.D. thesis of University of California Santa Barbara,
2004.

(3) Per-Gunnar Martinsson and Vladimir Rokhlin. A fast
direct solver for boundary integral equations in two di-
mensions. Journal of Computational Physics, Vol. 205,

No. 1, pp. 1-23, 2005.
(4) Shiv Chandrasekaran, Ming Gu, and Timothy Pals.

A fast ULV decomposition solver for hierarchically
semiseparable representations. SIAM Journal on Ma-
triz Analysis and Applications, Vol. 28, No. 3, pp. 603—
622, 2006.

(5) WAL 5L, PERTES. 2 XIT Helmholtz 7R @ trans-
mission 35 A BB E O SR BEHZ L ICOWT. FHEHKHE
T2, Vol. 16, pp. 97-102, 2016.

(6) faAZsh, FARNER. 2 Xt Helmholtz HFEX D 1 J& H
transmission i IZ %3 % Burton-Miller @ E At % H
Wi E R E R AR, FHABOE TS, Vol. 19, pp.
7378, 2019.

(7) Ralf Hiptmair and Carlos Jerez-Hanckes. Multiple
traces boundary integral formulation for helmholtz
transmission problems. Advances in Computational

Mathematics, Vol. 37, No. 1, pp. 39-91, 2012.

(8) AJ Burton and GF Miller. The application of integral
equation methods to the numerical solution of some
exterior boundary-value problems. Proceedings of the
Royal Society of London. A. Mathematical and Physical
Sciences, Vol. 323, No. 1553, pp. 201-210, 1971.

(9) ZERX ANES. R2rT0BEREEMHEDO DMAICED
W7z 2 XIT Helmholtz 723 D transmission M IC
A BE—SRES A EREOB R, TR T ZR R,
Vol. 16, pp. 73-78, 2016.

(10

=

Weng Cho Chew, Eric Michielssen, JM Song, and Jian-
Ming Jin. Fast and efficient algorithms in computational

electromagnetics. Artech House, Inc., 2001.

(11

~—

Hongwei Cheng, Zydrunas Gimbutas, Per-Gunnar
Martinsson, and Vladimir Rokhlin. On the compres-
sion of low rank matrices. SIAM Journal on Scientific

Computing, Vol. 26, No. 4, pp. 1389-1404, 2005.

(12) Adrianna Gillman, Patrick M Young, and Per-Gunnar
Martinsson. A direct solver with O(N) complexity for
integral equations on one-dimensional domains. Fron-
tiers of Mathematics in China, Vol. 7, pp. 217-247,
2012.

(13) KA sk, JEIARE) transmission [0 5 2 G535 22
REOmEEERE. U REE LR, 2020.

(14) Gaél Guennebaud, Benoit Jacob, et al. Eigen v3.
http://eigen.tuxfamily.org, 2010.

(15) Ryota Misawa, Kazuki Niino, and Naoshi Nishimura.

Boundary integral equations for calculating complex



eigenvalues of transmission problems. SIAM Journal
on Applied Mathematics, Vol. 77, No. 2, pp. 770-788,
2017.

(16) Nathan Halko, Per-Gunnar Martinsson, and Joel A
Tropp. Finding structure with randomness: Probabilis-
tic algorithms for constructing approximate matrix de-
compositions. STAM review, Vol. 53, No. 2, pp. 217288,
2011.

(17) Leslie Greengard, Kenneth L Ho, and June-Yub Lee.
A fast direct solver for scattering from periodic struc-
tures with multiple material interfaces in two dimen-
sions. Journal of Computational Physics, Vol. 258, pp.
738-751, 2014.

(18) Adrianna Gillman and Alex Barnett. A fast direct
solver for quasi-periodic scattering problems. Journal

of Computational Physics, Vol. 248, pp. 309-322, 2013.

(19) Vladimir Rokhlin. Solution of acoustic scattering prob-
lems by means of second kind integral equations. Wave

Motion, Vol. 5, No. 3, pp. 257-272, 1983.








