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TOPOLOGY OPTIMIZATION OF FORMING MOLDS
FOR THERMAL CONDUCTIVITY PROBLEMS
WITH THERMAL RADIATION BOUNDARY CONDITIONS
DEPENDING ON DESIGN VARIABLES

A

NEPRE AR, M K2, (LH
Shuya ONODERA, Tomoyuki OKA and Takayuki YAMADA

(T 113-8656 MR SCHIX HR4AE 2-11-16,

This paper presents a method for topology optimization that incorporates thermal radia-
tion boundary conditions dependent on design variables. The design of mechanical struc-
tures involving thermal radiation is briefly described, along with the associated problems.
We consider thermal radiation boundary conditions on partial boundaries of material
domains that vary with design variables. During the optimization process, Partial Dif-
ferential Equations (PDEs) expressing geometric features with high thermal radiation is
introduced, and solutions are employed to numerically extract the boundaries. Therefore,
a mathematical model is formulated to approximate the view factor, which relates the
contribution of macro geometry to thermal radiation. Furthermore, a method for solving
the governing equations is developed, leveraging the proposed method. Although we deal
with nonlinear problems due to thermal radiation boundary conditions, the design sensi-
tivity concerning the direction of descent of the objective functional can be determined by
identifying the adjoint equations as in linear problems. In this study, the Finite Element
Method (FEM) is used to solve PDEs of the heat transfer problem, and the level set
functions are updated. Numerical examples in two and three dimensions are presented to
verify the effectiveness and practicality of the proposed method.

Key Words : Partial differential equation, Optimized design, Topology optimization,

Level set method, Thermal radiation problem
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Fig. 1: Diagram of molding furnace model.

2.2. ZEHEX
BIFORTBNT, b — X —WBEM OBRITRE X
N, BEFTIRMWBDBRVEERLZ V. 22T, AT
FHEREARE R ERTH 2MOBIRFEFHCER LY TS, 20
&, MNHOBMREREEE X 20BN H L. 22T, Bk
BREREP B R F IR TR I NS 2 RE L
EHRBICOVWTEZ S, &Ik Do Tw 2 HIE
(LUF, #EMEE) 2 0 c R, KT d=2,32L, hl
BA D ACBWTHRE T CIREHEL, MEIT, 8T
ER RS EHA XN, FEAMEDSRIRE Tuw, 255 2
L30T 3. BEEOHIKICH L CIEME . 7 B A,
BN OMRES N T 2 XMABRRIEIRD IS5k 3.

—div (kVT) =0 in Q4,
T="T, on I'y,
(1)
—kVT -n=0 on Iy,
—kVT -n=g(T) onT}.

ZZTC, T e H () IZRE, » ZBVRER, ni3fmEH
MIKARR 27 P2 RS, BIRGTR M g(T) 13 g(T) =
o (T =TI THY, 0, BRAT 7 7 Y RLY 2 V&

B, e WHRHR, FIXERERHREE T4, DI, 2RSS
2BEBEELDT, h=0e.F 2 LTRT. /2, HEHFT

Symmetry plane

FETORPNIMCEE SN, MoBIRE L CRENFA—T
DB, MHERES UTHEIEHE T, EM G REA L
LTWw5.

3. LNty MEICESC FROY—KRi#EE
XELHEREZREFTFONGR L T2 BEMHELE LT 2 HR
(LA, [EEREHsEE) D IciiaR LT, MEmwE O ofd
RBLICOWTHE 2 5. EERFHEE D IIMEHEN Q B &
O, Rz kb Eo s TWiWiEER (WUF, 22fLEE) Qo
WWkhlREns, MERBELEEE, BRRBEK I 2 &
Kb 3 Wiz E/IME T 2 HEER Q0 oS (U, BIR) %
KD BZEETH D, HEULBEEIE — BB R WK OV BRI,
Bl ZAXWE, BARERER 2 E R T 22V, 207
®, WERMEGEEE, YR RE T 2 TR
o ehaitde LTRERERE RO Z2MELE 2 5. £
12, Lty MEIRES L P Re Y —HECHEETIERD
konm/MEME Yy LTERLEN B

inf
U

{J(¢’) = /jjj1($7X¢7u¢7Vu¢)d$
+/ jg(:v,u¢,Vu¢)dU}. (2)
oD
T T, Usg C HYD;[—1,1]) 1ZlHI 51 % s 72 5 BBz R

ERT. £/, LNy VBBl € HY(D) KU, xo €
L>=(D: {0,1}) 1%

<0, ZCGQ(),
#(z) =0, z € 0% N N, (3)
> 0, ZEEQl,
1 if ¢(z) >0,
xaw—{ o) (4)
0 if ¢(z) <0

YLTEZBN2BDET D, BB, up TIREELEL, ji(uy) (i =
1,2) 3o BB 2 £H T 22 R, +Eny—
OB LRI T, R s € L2(D;{0,1}) ZHWVTHIR
FHRE2ITI720, QL O R —DEERFAEINS. K
Tk, kI N MELZ R T 280EE, X (B) DK
ISR R ICE SV LRy NI ¢ ORISR
MY LTS,

Ohp—TAG+ T (¢) =0 in D x (0,400). (5)

2L, 7> 01315 5N 5 IREGH R O A £ R ME & 2 il

3 2 IERIL ST X — & (LUK, ERLIRE) 2825, 3
DWWk (1829 2o anz .
4. BERHBEOERL

AW T, BOMIREEHCOWTIES . Bl % & TRER

EE AT D PICBWT, MEEE O O P Re Y — Rl
L Z#E 2 5. RIPHE T, B & CINEE T, 16 E & E
BB oD IRES NS, BIEHEINR DL 3, EERH



BB T 2 MEHBOER 00, ohT, BEHNOF S
FEMR EWELS (LU, Th(o)) ICRES NS, MENZELT
BRI RS OMEDZLT 5728, Th(o) EIHEFTERT
HBLLEy FEBOMICKRE L THREI NS 5EREFY
5.

iz, HBEHZERLT 3. fdo & 512, MoK
HICBT B RESHBREYDREICKRERFEL 52 57
», BORIREFHER, REROBEfRERE: LT
RO &S WEANT 3.

¢€H1(ig;f[—171]) {J(¢) - / <T¢(x) N T)Q da}

o

(6)
subject to G(¢) = / X¢(2) dz — Gmax < 0.
D

2T, BIBE T, iCB 2 BIEREEZ T L L, Ty % ¢ 2@
ELEBOR (1) o 3%, ZLTHRSINZERED LR
% Gumax TRT. BOBRAERN/NIWVIZY, JEEF B
WRAELMEAR I DR WD, KHERIK G(o) Z HWTAR
B2 —EMUNCMZ 26 Z2ARLTVS.

5. HERSTIE R O E UL

BIES 2 EE L -ACEMED FRe Y —RHELicBV
T, BRSSO MY ERBVEETH 5. —KRITE
HEGTRTE (29 2@ BE, EVTILRERPAIF 2T
BERAWTHET2 22020, L LENS, 45—
LRI X DIIRRHDOEG S, WIREE DB ICERELZ T E N
PBELRZ720, sHEaz FAEV. 207D, FErY—
B b & F UGB W T, MR RN TGETR
PR3 AREETH L. 7T, BERESHER OBEE I
BWTEHE IR M 2HIETE 2 TEREABROIMEEERE
T35,

5.1. BERSIERELHICET 2 (A AFHS 8z 5l 9 5 IR
EFILDOERIL

FEREMRENI AR RZ § 2 2 HE O RMEMME MR E R
FHLTWS. REFFETIE, BAENEREICERHL, B2
RAEN R 2 T 3B EST LV RIRE T 3. BnZEME
BT 25T (19 20) oo, [ SE B EREIS N R o R
R —HTEFERMAE L TWE D, AKIFFECIRIE E R HEE
NE DRGSR Z 2@ DICXAl LTS . BRI
BHRSIC BT ARG OBEE ST L 2K L, WEEKD
KANEXFI U8R &L 5.

3, WREROELAEEERT 2. T 7 hruikix
YEHOWTIEGRBZHE T 256, BHARZDE L TH
MUEHEE T R L, RFOEFCOWTEEEBAWT
R L, AR OEEREZE S, RFKTIE, KTORES
[[] AL O BT/ 2 K5 T3 2 CitEa
A PEEIRT 5. KR, RIFFETIREERFHHEBAICEETS
ZEEMOBEEELZID S, MG AE OBREENKE W
8, BETREBANENC BT 2GR OBMEH T EIZEHTE 2
LRET 3. M2) WRTEBREE R 25813, (a) OF
WAL RLEy FEAROPuSMETH D, HEEER o

TH5. 2L T, MEHEHEQ WETHL 25, FEE
BOD B Dapp WZH L TWR W BEN T 5 E/ N E 0
YHIIT 2. 20725, (b) KBWTHRESHET 2%
75, ZoXonEREMET 52D, (¢) TRTAA
7Gx B 3T A2 RENEXEAEREERLL, FRTRT
B 2RI TERUITR V. RBFZETI, SRR 7%
BDBETL, Taw CET 4V 2 VEANNSGIhZHEEE
ZB. T IZTIE, ZBRMEE Qo 12X, MEEMFEK O LT
KEREBIBRES 2 5. 2 LT, ZZRERQ B 34K
BUREOIERMEE2E R T2 22T, BEHAMERHTE 5.
ZORER, FFEREE Doy WCEFE L, H3 2 ZERER Qo T
X, AAT—HEB0O LD, (c) KBY2HEGHEHRERET
=, MOETEE O RO FREE Tams WCH U 72 WZERFE Qo
T, AA7—MEP 1L RD, (c) X8B3 EHMHEERE
TE2rEZ5%.

DX D REMEI T TIRIBR Y ps &5 2 B RMA T
BRE2A (7) IR,

—div(A¢Vps) +ps =1 in D,
Py = 0 on Pamby (7)
Vpg -n =0 on 0D\ Tamb-

ZIZT, Ay = (aij —e)(1 — xo) + e T 5. PEIEET M
i, =1,2,312BWVT, a; EZBERICBY 3 z,; HRAIOIK
BUREL, c ISR ERT. ARXEERLED
T, R (7) zHEFAMEAFER R, L (7) OF p, 1ZBIE
PRI DN TP =128D Tamp ETpy =024K23 X
S BBUEINCIE S0 RBBTH D, BEHNFGDORE VR
WKBWTHEZ O/, ZOMBUCEH L THERMmE 217
5. M LAZEROABEGRK F=12L, Zhli o
BRSNS, BOBZIE Uiz d R R
ZfEe LTWa. RIFKTE, BRHNERZNE T 2 T ()
LTRSS K E L, b0 JE P o B4 T % B
CFATTH D, ARSI N2 HEEOTSR & MBI AT
TH2ERETS. KB, BERFFLUEICBEVTIE, RFE
THHLESERET, TvyhluEr@Efssoickd
BEOBWVEEIAGFTELZ L E R 5.

6. BEREE
6.1. RBELL7IIVXL
RIFFETIE, KIRT 7T Y X LK > TRE(LETT S

27y 7 1. Lty N ¢ BNET 3.

AFyv 7 2. REZEFZ2 AV TEAMESER (7) 2558
L, pe DEED &BRHNFER T (¢) 25 2.

27w 7 3. HREXREZHWTXE SRR 8) 2518 L,
REEEB T, ZRD 3.

27w 7 4. BENEE J(¢) K CIRREHIFIINEIE G(¢) & 5T
B, WREGZH-HIERELE2RT TS, 22T,
IRFEFIFIILBIEL G (o) BILIR T 75 > ¥ o R EFBIE
AW TGN RECEEICE &R CTEHETS



| (Y’ EW |

(a)

Fig.2: Image of two-dimensional boundary extraction. (a) Material distribution.
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Fig. 3: Design domain and boundary conditions.
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Two-dimensional problem. (b) Three-dimensional prob-

lem.
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Fig. 4: Result of two-dimensional boundary extraction
equation. (a) Material distribution. (b) Solution pg.

(c) Extracted boundaries.
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Fig.5: Image of three-dimensional boundary extraction.
(a) Cross-sectional design domain. (b) Boundaries with
large contribution of thermal radiation. (c) Solution py1.

(d) Solution pgs.

Fig. 6: Result of three-dimensional boundary extraction
equation. (a) Material distribution. (b) Solution pg;.
(c) Solution pga. (d) [0.1 < py, < 0.5]. (e) [0.1 < pg, <
0.5]. (f) Extracted boundaries.
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Fig. 11: Optimized configuration. (a) Bird’s-eye view.
(b) Cross section. (c) Extracted boundaries.
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For the calculation of elastic structure frequency response, a commonly used method is

the full mode method (FM). However, for a frequency range, this approach tends to be

computationally expensive, especially in the process of topology optimization. Therefore,

this study proposes to use the mode displacement method (MDM), which is one of the

mode reduction methods. Similarly, for topology optimization in the frequency range,

using this method to calculate the adjoint operator can greatly reduce the calculation

cost of topological derivatives. The results show that in frequency range, using MDM can

significantly improve the efficiency of calculating frequency response and topological

derivatives while ensuring a certain accuracy.

Key Words: Mode reduction, Mode displacement method, Frequency response, Topological

derivative

1. Introduction
In numerical calculation of the response of a structure to a

single frequency, a commonly used method is called the full
mode method (FM), which provides quite accurate results.
However, when calculating the response in a frequency interval,
the calculation cost is very expensive because the response of
different frequencies needs to be repeatedly calculated, and all
modes of the discrete structure will be used each time. In
practical situations, we are often interested in the low-frequency
response. Therefore, mode reduction methods are becoming
increasingly popular. These methods utilize only a few modes of
the discrete structure, thereby reducing computational cost

while maintaining accuracy. The mode displacement method

(MDM) is one of the mode reduction methods used in this paper.

It has a significant advantage when applied to the calculation of
frequency band responses. When calculating multiple frequency
responses with MDM, the eigenfrequencies and eigenvectors
only need to be calculated once. Each subsequent frequency
responses calculation involves only simple superposition, which

significantly reduces the computational cost compared to FM.

Received Oct. 7, 2023. Accepted Nov. 2, 2023

In the context of frequency domain topology optimization,
mode reduction methods are often applied. The first type is
based on modal superposition, Ma® used MDM combined with
the density-based method to perform optimization of the elastic
structure. Liu® compared the optimization of MDM and mode
acceleration method (MAM)®). Among them, MAM has more
calculation cost than MDM, but its accuracy is slightly higher.
The second type is based on series expansion, such as Jensen®
used Padé expansion and density-based method. Yoon® used
the Quasi-Static Ritz Vector (QSRV) to make the optimization.

The topological derivative is a new sensitivity analysis
method, which is different from the previous gradient-based
sensitivity analysis. Otomori®, Filho® wused topological
derivatives to optimize static problems. Lopes® used a method
based on topological derivatives to perform multi-load topology
optimization of static problems. Giusti® used the topological
derivative for topology optimization of anisotropic materials.
Isakari('® derived the topological derivative of the eigenvalue
objective function based on the Helmholtz equation structure.
Yamada) used this approach to optimize the response at
specific frequency. When performing sensitivity analysis for non-

self-adjoint situations, it is also necessary to calculate the



adjoint operator of the topological derivative. The adjoint
operator is usually obtained by solving the adjoint problem,
which is also a computationally intensive process. In previous
research, Hoshuku(!?) used Padé approximation to approximate
frequency response and topological derivative. In this study,
MDM is also proposed for solving the adjoint problem of
frequency band responses.

Overall, this paper aims to explore efficient methods for
calculating the frequency response and topological derivatives of
elastic structures. Using MDM for frequency response
calculation and combining it with topological derivative to
achieve efficient frequency band optimization. Numerical
experiments will be performed to verify the effectiveness and
efficiency of the proposed method, and comparisons with the
FM method will be presented. The results of this study
contribute to the development of improved optimization

techniques for elastic structures under harmonic excitation.

2. Methods for Frequency Response Calculation
The forward problem calculation in this paper, which involves

the frequency response calculation of the structure, will be

based on the finite element method (FEM).

2.1. Full Mode Method (FM)
First, let's introduce the full mode method. For a linear

elastic structure under harmonic excitation, as shown in Figure

1, it satisfies the following governing equations:

Ciratipgj + po’u; = 0 in Q (1)
ti=1 on I (2)
U = U on T, (3)

where Cjy; is elasticity tensor, wu; is frequency response, p is
material density, #; is traction, % is the amplitude of the
external force on boundary [}, w; is the specified displacement

value on boundary TI},.

Ly

Fig. 1 Elastic body problem

The weak forms of (1) to (3) can be expressed as:

f ﬂiij’ljklukjldQ - 602 fpﬂlul dQ = f fﬁhdr , (4)
Q Q r

t
here %; is the test function. The matrix form of (4) is:

(K — »®M)u = F, (5)

where K is stiffness matrix, M is mass matrix, u is the vector of
frequency response, F is load vector. Through (5), the frequency
response u can be obtained:

u= (K- o*M)'F. (6)
It can be seen from (6) that for a system with n degrees of
freedom, obtaining its response requires the inversion operation
of an n x n matrix. This process requires a lot of calculations,
and computational cost increases cubically as the degree of

freedom of the system increases.

2.2. Mode Displacement Method (MDM)
The Mode Displacement Method is one of the mode reduction

methods, which can efficiently calculate the displacement
response of a structure with reduced computational effort. It is
particularly useful for problems involving multiple frequency
responses, significantly reducing computation time. For a linear
elastic structure subjected to harmonic loads, it satisfies the

following equation:

Cijkluk,,_,j - pul =0 in Q (7)
t; = 1, on T (8)
u; = U on Iy, 9)

where #; is the second derivative of displacement to time. The
weak form of (7) to (9) is:

te”dr. (10)
Iy

f T, ; Cjpug, AQ + fpﬂ,-'u,- dQ =
Q Q
The matrix form of (10) is:
Ku + Mii = T, (11)
For a discrete system with n degree of freedoms, its normalized
i-th order eigenvector @, satisfies:
oMo, =1 (12)
0; Ko, = o, (13)
where w; represents the i-th eigenvalue of the system. For the
displacement vector, it can be expressed using the eigenvector
matrix @ as the base conversion matrix, represented by

generalized coordinates y,:

n
u=<1>y=2q>,;yi7 (14)
i=1

where matrix ® = [@, @,,...., 9, ]. By substituting (12), (13)
and (14) into the matrix form of the governing equation (11),
we obtain:

®"MO§ + ®TKDy = y + diag(w?))y = ® T, (15)
Since the load Te™* is harmonic, the response in generalized

coordinates ¥, can also be obtained:

yl = _w2yi' (16)
Substituting (16) into (15), we can obtain:
= (@F = o) lgTTe (7

Substituting (17) back into (14), obtained:

n n T
o To
w= D 0u= Qi (18)
i=1 =1

Therefore, the response amplitude should be:



" o To.
" :Z % 9 (19)

By reducing the modes and considering only the first FKth

eigenvalues and eigenvectors, we can get:

S TTo
W=y S (20)
i=1

=
where [ < n. The above formula represents the frequency

response calculation using the MDM.

2.3. Comparison between two methods
Figure 2 and Figure 3 are the processes of the two frequency

response calculation methods respectively.
Define the boundary
conditions

Calculate the response
in frequency w

w=w+Aw

Is in the
interval?

Fig. 2 Process of FM

Define the boundary
conditions

Calculate the first [-th
order eigenvectors and
eigenvalues

A
Summation to calculate
frequency response
within @

w=w+Aw

End
Fig. 3 Process of MDM

Taking a two-dimensional cantilever beam with 6642 degrees
of freedom as an example, with one edge subjected to uniformly
distributed harmonic excitation as shown in Figure 4. The
material parameters are Young's modulus E = 2ell Pa,
Poisson's ratio v = 0.33, and density p = 7890 kg/m3. The

frequency responses in the angular frequency range [0, 5000] are
calculated using both methods. The response curve obtained
using the FM method is shown in Figure 5 with blue lines, while
the MDM results are shown in Figure 5 with red lines. Here, /
indicates different orders of eigenvalues and eigenvectors.
Comparing the graphics, it can be observed that when the total
degrees of freedom of the structure are 6642, if [ is greater than

or equal to 3, approximately accurate results can be obtained.
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Fig. 4 2D cantilever beam
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Fig. 5 When [ takes 1, 2, 3 and 5 respectively, the comparison
of MDM and FM calculation results. The blue lines are FM,
and the red lines are MDM. When [ >= 3, MDM can get

approximately accurate results.

Considering the example of 2D cantilever beam with 420
degrees of freedom, we compare the accuracy achieved with
different numbers of eigenvalues and eigenvectors used in MDM.
In comparison with the FM method, the relationship between
the maximum relative residual of the obtained results and the
number is shown in Figure 6. When the number of eigenvectors
and eigenvalues [ is greater than 100, the relative residual errors
r are typically less than 1%, and when [ > 400, » = 0. The
calculation formula for 7 is as follow:

u —u
r = max (*l MDM FM'). (21)
UpMm

10°
*sﬂ%
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Fig. 6 Relationship between the maximum relative residual of

the obtained results and the number of selected modes.

Compare the computation time of the two methods. We use
m to represent the number of samples in the frequency interval,
ty to represent the calculation time of FM to calculate a certain
frequency response. The total time of frequency response in the
calculation interval is T, =m-t;. For MDM, we use t; to
represent the time required for calculate the first few modes, t,
to represent the time required to superpose for response at a
certain frequency. In this way, the total time for using MDM to
calculate the frequency response in the interval is T} = |+ m-
ty. Using the cantilever beam mentioned above as the example.
The MDM uses the first 10 order modes, and the single
frequency response is calculated in two methods. #, is 0.003s. t;
is 0.005s and t, is less than 0.001s. So for a single frequency, #+
ty > ty, FM requires less calculation time. For the response in
frequency range, if the number of frequency samples is m=500,
then the total time of FM is T, = 2.5s theoretically, and the
total time of MDM is T; = 0.505s. Therefore, MDM can
significantly reduce calculation time. The selection of the
number of modes is also affect the total time in MDM. Figure 8
shows in MDM, the relationship between the total calculation
time and the number of modes. It can be seen that they are
approximately linear relation. When MDM uses all of modes,

the time is similar to FM.
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Fig. 7 Computation time of MDM as the number of

eigenvectors and eigenvalues increase.

3. Topological derivative
To find the best material distribution in the design domain,

we define a level-set function ¢(z) to continuously evolve the
new boundary. The updating of the level-set function can be

done through the following reaction-diffusion equation:

0

a—i = K(-=T + V?¢) inD

1) , 22

Pl 0 on OD\Jl; (22)
k p=1 on Ol

where ¢ is the fictitious time, K is the coefficient of propor-
tionality, 7 is a regularization parameter for the fictitious inter-
face energy, D represents the design domain. T is so-called
topological derivative, which determines whether the material
should exist at each node, and the evolution direction of the
level-set function boundary.

In this paper, topological derivatives are performed to make
the sensitivity analysis. The topological derivatives represent
the effect of a small hole appearing in the structure on the
growth or decrease of the objective function. As shown in Figure
5, when a small hole Q. with a radius € appears in the domain
Q. the objective functional J undergoes a change J.J. Therefore,
the influence of the hole on the objective function can be

expressed as:

_p URon—J ol
TR TS

where f(€) is a positive function that f(e€) » 0 when ¢ > 0. J is

(23)

the objective functional.

Fig. 8 Design domain Q generate a small hole Q

The topological derivatives can be calculated by using the
adjoint method. For a single frequency boundary integral

objective functional:
F= [ ftr, (24
r

according to references(!V13) the topological derivative for it
can be calculated by:

3(1-v) —(1-14v + 15v)E
21+ v)(7 - 517){ (1-2v)2

T, = 51:;‘51«1

+5E(848; + 5,;15#)} W, — po®udl,  (25)

where %, is the adjoint operator. When the problem is non-self-

adjoint, it can be obtained by solve the problem:

Cl‘]-kluw +pa)2172 =0 in Q (26)
1= % on Iy (27)
7, = — et on T, (28)

ot
which also can be solved by MDM in adjoint field. Through this,
it can greatly improve the efficiency of topology optimization.
For optimization over a frequency band, the objective function
can be defined as a numerical integration over a frequency
interval:

J= f " Fdo. (29)

o]
Correspondingly, the topological derivative also requires
numerical integration over the frequency interval:

wy
7= f 7o (30)

o1

To compare the accuracy of MDM in calculating topological
derivatives, we use the aforementioned cantilever beam once
again. We select a node on the beam, and then calculate the
corresponding  topological derivatives of the compliance
objective. The frequency response interval is [100, 600]. The
relative residual errors between MDM and FM are shown in
Figure 9. It can be seen that the majority of the residuals are
less than 1.5%. Moreover, when the number of modes exceeds
200, the residual is less than 0.5%.
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0.01 1
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O ok e LTt i, 5% Sk

0 100 200 300 400
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Fig. 9 Relation between the relative residual of the topological

derivative and the number of selected modes.



4. Numerical examples

0.00011 1
In this section, optimization examples based on MDM and
topological derivatives are presented. Also, they are compared © 0.0001 0.9
with results obtained by FM under the same conditions. For the § 9e-05 0.8 E
= +
2D cantilever beam, in design domain D, we look for the < §
. C . . C . . - WA
material distribution that minimizes the objective function J, as 5 8005 0 g
)
shown in Figure 10. The material parameters and boundary % 7e-05 — Objective value 0.6%
conditions remain unchanged, and the volume fraction is set to - 60.05 — Volume fraction 05 >
e- .
0.4. The objective function J is the minimum compliance in the
frequency interval: 5¢-05 ‘ ‘ ‘ : 0.4
- 20 40 60 80 100
J= f f tiudl do, (31) Number of iterations
o Ty
where w; = 100, wy = 300. The mesh of the structure contains (b) Changes of objective function values and volume fractions
16,186 degrees of freedom. In MDM, the number of eigenvectors Fig. 11 Result of MDM in frequency interval [100, 300].
and eigenvalues is [ = 200. The regularization parameter t is
equal to Te-4. Figures 11 and 12 show the results of the two
methods. The structures after 50 iterations of optimization are
shown in Figures 11(a) and 12(a). The changes in their
respective objective functions and volume fractions with each
iteration are presented in Figures 11(b) and 12(b), the time
required for each optimization iteration step of FM is about
35.29s, and MDM is about 19.60s (Aw=1). Figure 13 shows the
results in the frequency interval [100, 500], with all other
parameters unchanged, the time required for each optimization
iteration step of FM is about 69.63s, and MDM is about 34.39s (a) Results after 50 iterations
(Aw=1).
0.00011 : : : ‘ 1
N I 0.0001 0.9
Nu o
N > =
N S 9e-05 08.8
=
~ 2 3}
N ) £
_ ©  8e-05 0.7 <=
N D\Q g rHl ¢ 3 2
N \ = t S E
: S 7e-05 —— Objective value || 0.6 %5
J Q § — Volume fraction >
N D\Q 6e-05 0.5
N
N 2m |
! 5e-05 ' ' ; ' 0.4

20 40 60 8 100

Number of iterations

Fig. 10 Example of 2D cantilever beam. D is design domain, Q
represents the material area, D\Q represents the void domain.
(b) Changes of objective function values and volume fractions

Fig. 12 Result of FM in frequency interval [100, 300].

(a) Results after 50 iterations

(a)MDM



(b)FM
Fig. 13 Results of MDM and FM in frequency interval [100, 500].

The results of MDM are basically same as FM, with slight
differences. The changes of corresponding objective functions
and volume fractions are also roughly same. Therefore, using
MDM make the topology optimization can obtain basically

accurate results.

5. Conclusion

In calculation of frequency response in intervals, whether it is
calculating the frequency response or the adjoint variable of
topological derivative, campare with the full mode method,
using the mode displacement method can effectively reduce the
computational cost and save calculation time.

The results in Figure 12 and Figure 13 are slightly
asymmetric. The possible reason is that we used the triangular
elements, which lead to mesh asymmetry. Another reason may
be the error caused by mode reduction, which is also the

direction for improving this method in the future.
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dimensional problems with smooth bounded domains and parameterize them using peri-
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ZofoFiEe UT, SRS 2 WG AR O IERITE 2 &
»5, FAMbtoFR =2 @EMT RS KN TH 2, BLE
O H' AEE @ TR, EAIEA TR L T3 ARORD D I,
Y —Re 3 2EABRMS AEROE®E L E T AR
¥¥ 3, EROHEIZH ZIE Mohammadi and Pironneau®
% Allaire et al.®) 1T & o> THEMN STV S, Allaire et al. D
i K hF. 2 oo EHI{LIE Hilbertian regularization
(Hilbert [ERIML) & FEIXN 2 Fift Z e — b a3,

%< 0BE. WREELZFEB D AEX OB RITKES
AR PLEE 8% e 5 728, Lipschitz IO EF £ 2D LD
SO EHMEFEm T 5 I e~ TH D, — /T, BRI
B2 S TRIREINIFE R O#EFN R ETE e L TRBTE
b7, HROMBILD A TRMITERZH e N TE
SHERBRFELHEN RV, EE HREREZHHALE
REHEEDOFIZZ L MESATWS OO0 x5z Ry
ZDLEDT =Tl THIUR, B REEEUL 2 fi3
e THBRHEODRVWAF—LEMK T2 M TES
U0, ZAIH L Z R AW R AR E SR L g L TRt a =



FOBEILRERFE L VWZ B, o, FHOHERTIX
RAGERBESAEXTET LI NI ES 2 OB S
N 32 REEILICBERTD 5,

—H T, R AEROFBCELTHOATWEEHY
g L tHERES TR T 2 RRIEZ < v, BRED
FHEROMBDOFIKICEE T 2 Fréchet MBI L Tk, Hl 2
Kress,"" Colton and Kress,""? Ammari et al.('*) 23878 L
TWwa, L2L, Thzslfie 32 NEEMO0EEL 2
DEABLDEANEIC OV TIEFHER S LTV,

Z T, AR 2 ROTHEE NG e L THRAED T
RO FIRAE S 2 TARILBS S (HILBEE) oAkl Wb w
IR B L EORFREZH /BT 5, AFTIIE
R o lrE L, AHBEEERAVTRIX MY vy 222
NERBTZ, ZORT A= 2FRIC & o THEED R
%z [0,27] FOBAAERICE XA T, MoBIRICET 2
Fréchet 0 AlREME 278G T %0 2 2 THRDIEMZE D Fréchet
MR T 2 MEORRE D EFHT 5, Zok, #@Y%k
W FRz2ED 2 Z L THRPFELREZEHA L. BWILERKO
Fréchet M7 RO R %18 %, F72. 195 N7z Fréchet M
S RBUC Hilbert IERMEZHE L. #@Y)RIERMNELE 3 2 QK
DEIHETES Z 2R, RRICEH L Mo REoZ4%E
ZEUERNCHREEL . 22 LB R ERRE Lo B %
R~
2. XL
2.1. %#fg

ETUTOLS ICHAMEREERT %,

o Cor :={p € C(R): pis 2m-periodic}

o Ck :={p € C*"R): g is 2m-periodic} (k € N)

o Una:={p€C3.(R): o) >0, tcR}
2T, C*R) ¥R kT CF oKDY LERTH
Bo E7: Cor & Chy BWERZABFO X 51/ L ARED

% ¥ Banach 26l e 722, £/, Uaq 13 C2, DB HEET
»H 5B,

= ma; T 1
lellca, = max_ |¢()] ()
k .
lellor =" llePllcs. (2)
27
=0

FAEHRBR L PBEBUCE LT T2 AW 5,

e L(X,Y): Banach Z2ffl X 7 & Banach 22 Y ~NOFH
SRR 2D TIEZER T, /EHR Vo %
fi#§ 2 7z Banach 2]

e X*:=L£(X,R): Banach ZE[l X @ X{xiZ2 [

e isom(X,Y): Banach Z¢[#] X 2» 5 Banach Zfl Y ~ O
T R BRI T ITEZEM T, fEHR Vo %
fi#§ 2 7z Banach 2]

T2A

(Y
\y i

Fig. 1: Parameterized shape (2,..

Banach 22 X OO ZER X* DKL F € X* WXL TRD
RicxZHW53,

F(p) = (F,o)x YoeX (3)

Banach ZE[] X OB 8E U 55 Banach ZZEf] Y ~OD
BIfF:U—-SY IZOWTEZXS, 5267z pcUICEL
T, HB0DEFHEDOTRTD e X ITHRLT

Fle+¢) = F(p) + L(#) + o([|#llx) (4)

ERBLELX, V) DPTFEHETILE F:U—-YdpeUT

Fréchet A AIRE X W, L =:dF(p) € L(X,Y)Z F:U —

Y @ ¢ e UIZBIF % Fréchet MRE L 12 0D,

2.2. fEIEDES L NEP Dirichlet FIEDIRRB A HRER
B r € Uea IEZ BN ZFig. 1D X574 C? &
HORRD 2 XITHFEK Q, 2 XA TED %,

00, = {(r(t)cost,r(t)sint)” : 0 <t < 27} (5)

FEIHABEEL 7+ 25 r € Unq 722 72D DM r > 01355 0Q,. 28
HOXELRWI L ZEKT 2,

Z ZTLUR @ Laplace /7 #23X D A HE Dirichlet fREIZ D W
TEZX %,

—Au, =0 in Q. (6)
ur = flaq, =: fr on 0Q, (7)

T2, FRREETC ROBEYT S,

B TR

oG
a0, 6”(?!)

(@, y)vr(y)ds(y) = —fr(z) on 59
(8)

DMe—DE v, € Car & W THE Dirichlet [ D g 13 X=X
Thzbhz Y,

1
§UT(:E) —

oG .
w@= [ @@t e, )

Z 212 G & 2 XIT Laplace FERDEAR@TH D, XX TEH
Ao,

G(l‘7y) = iIOg !

- 10
2 7z —yl (10)



T2, BREDE%E h(t) := (r(t)cost,r(t)sint)’ ¥ LT
er(t) = vr(he(t) 222 gr(t) = —fr(he(t)) &8 < & BIFRHR
SRR (8) LR [0,2n] Lo HERr LTHERT
ZeMBTE 5,

1 27

Fer@®) = [ ke(t, T)r(T)dT = g (7) (11)

0
ZIT, AhA EBAERAR 2 b Lz
ve(t) = ((r(t)sint), —(r(t) cost))" /|hp(O)]  (12)
LT

ke (t, 7) =R (7) e (7) - Vy G (8), 9) ly=h,. ()
(

Ry (t) - vr(
S0 = T
TH5,

AIFFEDO HENZ, JEIR r & AER Dirichlet FIE D ## u, %
18 e T 2NEED r 1B $ % Fréchet WM REL. WbWw
LRBEBERDB L TH B, fRu 13X (9) ZELT
0r € Con TRIETEDZDND, 1 €Uaa & pr € Caor BHIFE
TANEE J(r, o) ITOWTEZERV, bbb, BIR
Foa b R

inf J(r,er) (15)

rEULq

Z AR EE W TEIERNCE { 72D OTERIEE IOV Tk
T 5,

ZDOPLBEEL J : Una X Cor — R B3 (7, ) T Fréchet #5A]
HETH B EARGE Uy Uaa 27— J(r,0r) =: j(r) D Fréchet
SR (r) € (C3,)* ZLUU TN TEHT 3,

2.3. A ZEENICE T B Fréchet M5

TR ER 11) BLIOWT, Usg D7 gr € Con

O Fréchet MPICOWTEZ S, +€Ch, 8T 5L

Gr+7(t) = — f(hris(t))
=— f(he(t) + he (1))
== f(he(t)) = ha(t) - Vf(hr(t)) + o([[Pllcz ) (16)

EFHMETE. £/ 7 ha(t) - VI(he () FBRIED S Una
r = gr € Caox D Fréchet DRI g, € L(C3y, Car) &

gelil = —ha(t) - V [ (he(t)) (17)

THZAbN 5,

RIFESZ R (11) DFRIZDOWT, r = . 23 Fréchet 57
ARETH 5 Z e 2D D 2. TIHMEME K, : Con — Cor
ZRATERT %,

(Krp)(t) = / " ket 7)o (r)dr (18)

H—=2 Nk A TERTH D00 K, : Cop — Con I FA 87 b
ERFETH 2, F72Upa 37— K, € L(C2r,Cax) 1 Fréchet
BOTTTRET B D . 2 OMBRB K, € £(C2y, L(Con, Con)) 13
xRTRINB MY,

27

; EL(t, ;) o(T)dT (19)

T, =Nk BRRTEEEIN D,

(K [7le) (1) =

k'(t T; 7)
IR ()a(r) - (helt) — ho(7)) h ()]
2ol ()~ e Sl () — (O
Tl (®) = () (Ve () = o (1)) - (h5(0) — B ()]
[or(£) — o ()2
(b () — ha(r)) - urm] (20)

DA =2V E bELEFRETHY, Bt =7 TUTOMHE
%E‘Xéo

Ky (t,t; 7)

1 / " ’ A an
_QWEWFM@M@JM0+W®Mﬁ)mm

() - w(t»% (21)

% 7235 7@ Fredholm /5725 (8) D AIRIEICHE 3 2 #5581V
DOEEDr € Upa T EI—K, € isom(Car,Can) TH2, &o
T Banach Z2ff]_E D FA& DM /A3 (Lang,*>) Proposition

3.9) &b r— (A - K,) " 'gr = ¢, & Fréchet {77 ATRET
Hd,
2.4. BEHEZHEICLZABBHSTOHE

ULEDZEED S r— j(r) 23 Fréchet D RIRETH 5 Z &
DHEDPD Tz, A/NHTIEZDEKWNLREELEIZDOWT
BT 5, LBIIMEHODIC, r2ETE L o BT 3 J
@ Fréchet 57 (503

<d<PJ(Ta 30)7 ¢>027\' = <']:0(T7 30)7 ¢>C27rvc21r ng € C27" (22)

325 J,(r,
Con X C2x = RIFXATER SN2 LR VIEIEA T
H%,

(0B Cam Can = / " oty (t)ar (23)

ZDORMRIEHRIC K D ED 5N 2R (Cor, Con) ITB
OB REEAERCE VT, BRIRLBEE j(r) ® Fréchet #57 1%
B i'(r) € (C3)* #3158 ¥ %, %3 Lagrange B L :
Una X Con X Con - RERXRATERT %,

L(r,,9) := J(r, ) + <%( I= K)@_g&c o
T )

@) € Con BFIET D EMUET B0 T U () Cop,Car



Bz o=@, BEIE. j(r) = L(r,om ) 2182, £7-. b
PEER A, € Con ERAET EOWCED B,
@awr)7¢>027r

=(deJ(r,¢), @) Car + <w"( >¢>02ﬂ-,027r
=(Jo(r,9), @) Com Con + <7’Z}“(7 ) >cz,r,027r

1 N . .
:<<§I_K7‘) wT+J;(T7§0)7<p> V()OECQT\'
C27,Can
(25)

0 =(dy,L(r,

A

CITK Zay sy MEHERTH D> T 31K, : Cor —
Con ﬁfﬁﬁf“%éit’i’)ﬂh‘fzo Ed K: OiKr@<CQﬂ-,CQW>
CHTBRHERETH D, RATEZ SN 5,

27
(KI)(t) = / o (r, ) (r)dr (26)
(0]
R (25) XA RER e EMTH 5,
(37 K7) v =2t (1)

Fredholm O MRER & b BEFEA R (27) 3L HERX (11)
¥ [A#£1C well-posed TH %,

Zh e ZHH U T Fréchet #7707 E0Z E@HEHE % W TEHA
TEERREE S,

(4" (r)s Pz =(drL(r, 0, ¥) o=, =i, )2
+ {dp L(r, 0,90 o=, r[7]) o
+{dyp L(ry or, )=, Pr 7)) Con
=(dr L(r, @, ) o=gr p=prs )2,
=(drJ(r; )= ez
— (¢, K [Plor + gr[f]) Coni0an (28)
2.5. Hilbert IERIMLIC X 2 REH DB DOHE
HI/NETCHBGBIEL j © Uaa — R D Fréchet #57 FREK

5(r) € (C3p)* DRF 57270, HEETREY 55 b DM
DR TE RS XA EM 2 THE Vi(r) € C3, TH 5,

G (7). Vi) ez >0 (20)

C%, 1% Hilbert ZEf] TR WA 5. ThzEiliz W8 Vi(r) €
C3 FANEEICIEEE SRV, E. WD REEHA VT

7202 —/ ¢

LR BB BERINCEO 5 BETH, —KiCy € C3,
R BRAE R, £ 2T, ABSIELIT TR % Hilbert
FEANE ® 2 HWTHRZFET 5,

=3 O3, ICH B DA B Hilbert 222 HET 2,
5l 213 Sobolev Z2[ D #l A A (Saranen and Vainikko,'®)
Lemma 5.3.3) 225 k > 3T HS, — Ca. KD Ioh 5, Z

tydt Vi e C3, (30)

O Hilbert ZEfIC HY. 3@ RN N TE 2, 22K

oo
HY = { Z eme™ ey € C,

m=-—00

oo

> (14 mt) el < oo (31)

m=—00

A Sobolev ZZEETH D, E8a >0 ZHVWTRRTER
XN 2N % i A 7= Hilbert ZEITH %,

oo

() gp = Y (L+am®) ond, (32)

1 o —imt
Pm =5- ) p(t)e de (33)
Y = : p(t)e " dt (34)
"2 S,

Z O Hilbert Z2[ HY #H\WT, U FORMEOREL LT
B Vji(r) € HY, 2k 3,

Find Vj(r) € Hj, such that (Vj(r),9) s = ('(r), ) ez

for all ¢ € Héﬁ
(35)

Z AUiE Lax—Milgram O EH X D well-posed TH 5, Z DR
BOME— DRy UTEE 2 A8 Vji(r) € Hy, 13X &7
TIEeDaND

G (7). Vi) ez = (Vi(r). Vi) = Vi) >0
(36)

Thbb —Vir)iEi(r) OB TARTH 3,

3. BEEE
3.1. BRAHEXDOKE

AHFFEIE Kress OF ik Z AW TR 2R (11) & (27)
ZREANCHEL s £F Cor D 2N RITHITZEME LT

Vi := span{1, cost,cos2t,...,cos(N — 1)t

sint,sin 2t,...,sin(N — 1)t,sin Nt} (37)

BEN, V, ORKYX LT, fHidkt =t = mj/N (j =
0,1,...,2N-1) £ 3 2L T D Lagrange KB L, € Vi, ( =
0,....2N - 1) ZERZ LN TE 3,

N-1

1+ cos N(t —t;) +2§:coslt—t])] (38)
1=1

L) = 5
COWMDZEB VL Lt =t ITBI2EREHVT, HOHRE
K (11) 2 XX CHEILT 3,

Find ¢" € Vj, such that K%I - K,) Lpf} (t:) = g, (t:)

(39)

ZITel eV, ERHMOBREHB O, €eR (j=0,...,2N 1) &
FWTLURD & 512 Lagrange ZE KB TR T %,

2N—-1

= L) (40)



SRR (39) KR AT 3 ¥ RO KA RADE LS,

2N—-1

Z A5 = go(t:) (41)

z e, REGTINERRTE 2 o B,

Ajj = K%f— Kr) La} (t:)

=300 = (Ko Ly)(8)
*513 - ﬁ (t17tj) (42)

BEAEA AR (27) B L T3 % o 72 < FERICHEBUL % fE 3,
3.2. IRRROBERL

Kz, IRDORBITH W 222/ C2, [ A § 2 H 2% %
AT %, Mo HRERDOEEDBRILICHWZ Vi, C Cor 1
Vi CC2. TH B, Vi, 3T CBELTHETWRW 0
YRy 22 & &7 70, EEE. sin Nt € Vi, OEBEEIX
BHOEPIZVE ICALRWY, DF D, reU, o, v €U,
Y% C* OFBRITH 7 2M U, 2RNHER T 2 BB
H%,

ARG Z DB ET 2T U, C O3, WU REER,

Uy, := span{1, cost,cos2t,...,cos(M — 1)t

sint,sin2¢, ... sin(M — 1)t} (43)
Thbb, 2M — 1 {HDOFEE Ao, ..., ANn_1,B1,...,BN_1 %
HWTRKTreU, 2XHT 5,
M-1 M-1
r(t) = Z Ap, cosmt + Z Bpnsinmt te€[0,2n] (44)
m=0 m=1

BRI E (42) THWEBFANS X 2 FEE
BEZERLT, BRRHEOHHE MII M <2NTHd L
T3, k7, NWBERAE Vi(u) € HE, OB Vij(u) € Uy
EHE T 2720 I1CHIE (35) #LUNCEERUL T 5,

Find Vj(r) € Uy such that (th(r),i/))H;r = (]"(7‘),1/))037r

for all ¥ € Uy,
(45)

FAMEB Y € U, Uy ODEREZEXZ L TRRADES
ns,

M- M-1
(Vri(r Z Cm cosmt + Z D, sinmt (46)
m=0 m=1
2(5/(r), cos it
= & >
Com = (1+ am2)k (m >1) (47)
Co =(j'(1) s (18)
2(4'(r), sinmt
Do (3°(r) )z, (49)
(14 am?)k

3.3. discretize-then-optimize IC& DK 513 HHAE
BORMD R

BRRXITZER U, L CiRBEE ) o ARt % K % 77 iEIEHTE
ficitd LI RIERE S v, 1Ekro X HWwWSNT

W3 i {E72 5EE. Wb W B discretize-then-optimize & FEIE
NEZUTFTOFhET—RINICEKEATE 2,

X % Banach ZZff], U % X QB2 %S & LT, Fréchet
WP RERINBEE L : U - RO TN AR OKMEFEICD
WTEZ 5, X »o#YIE N M BEOREMILRIT
wi, ..., wn WK DR E NS E 22 M

X, = span{wi,wa, ..., wn} (50)

PRHOWT. L Xp,NU - ROAEIILLITD XS ICHETE 2,

M
Vi(w) =Y (I (w), i) xw; (51)
i=1
2R V(w) e X*WB1:U—->ROwe Xp,NU BT
Fréchet M RETH %, Bl 21X X5, 7 Lagrange BRIC &L %
HREZELMTH S L X, ZOHE Vi(w) € X, ZINBIEK I
DHIEEICBE S 2 R RECE R TR 7 b v e JEIRBE D
LAZBIEIETE 2,
HEPLEEEL 5 : Uag — R 1T Z D discretize-then-optimize %
ZHEAT 2 XA %155,

M-1 M-—-1

t) = Z Cyn cos mt + Z D, sinmt (52)
m=0 m=1

Co :=(j'(r), cos mt>c§ﬂ (53)
Dy, ::(j/(r),s,inmif>o§7r (54)
3.4. BECE

WA Vii(r) (520 Vi(r) ZHW3 22T, &
/MU (15) D JRFT OB R DB 2 R 3 2 72 D B fL L
PR TN TES, BYRYEro € Uy & ro € Uaa
YRBE5CE5ZT, UFO7ZALIY RATr,ra,... €U
ZEtE T 2,

Ti4l1 =T — <€ivhj(7"i) (55)

T ATy TMRe; >0 rig1 EUng 8722 &S5
/J\éb\{ﬁ%HXZ) bDE T B, RFFEIXE 51T Armijo DS

j(ri = €iVnj(ri)) <j(ri) = ceils’(r4), Vi (ri)) oz
=j(rs) = ceil| Vaj(rs) 7y (56)

iz EOWCART Yy TlHe, BED D, T2, 0<c<1
WBEMTH 2, ZOBEBRRREINY 2 Iy 7FEEHVWTHE
Bﬁj‘éo

4. BER
4.1. BRREEBORIE

FPEH L TIRER R (28) DML RIT S, Ble LT, 5
ALNIBHRZeQ KBIE2RT v

I (rypr) =ur(2)

[ M e




Table 1:

Comparison with the shape deriva-

tive (28) and finite difference of j(r)

for various «.

(43'(r), P)ez,

Jr+7) —j(r)

1071 9.2718558840 x 1072 9.0251435633 x 102
1072 9.2718558840 x 1073 9.2672850514 x 1073
1072 9.2718558840 x 10~%  9.2715978824 x 10~*
107%  9.2718558840 x 1075  9.2718320717 x 105
107°  9.2718558840 x 1076  9.2718535226 x 10~°
107%  9.2718558840 x 10~7  9.2718556473 x 107
1077 9.2718558840 x 1078  9.2718558678 x 1078
1078 9.2718558840 x 1079  9.2718558387 x 10~

ZHRNERE T2, 2o ZRifEAER (27) 04X

|hy () |vr (t) - (T — ha (1))
2T — R (£) 2

kb, ¥ (28) HUE—HIXA LR 5,

To(r,)(t) =

(58)

<d7"](rv 30)5 f)ng

27 1 i
_/0 m{‘h ( )‘VT(T ‘(mth(T))
R (6) - he(t) +

x |he(7)lvn(7) - (2 —-hr(T))}¢(T)dT (59)

V—2ZD5% flz) = sin(2z1 + 3z2). BHlEE £ =
0,007, BIR%E r(t) =14 0.4sin3t, ZDFEZ /N
e>0%ZHAWTA(t) =ccos2t THRXBEDOK (57) TEF#Z
N5 ILEIEL j D Fréchet Mo REL (28) & MG T % 2553 {Bl
gw+mf()@1 EEELUMERE Table. 112503, 22
T, ﬁ@&u2N—uthto_®F%#6+ /N W
€ > 0 T Fréchet M R DM & Z 7 ELIOEINIZIEF—HL
TWBZ e h b, ko THEINIREEBOZ YT
D BTz,

4.2. ERRELDOH

&g, B XN NBEBAEZ W iR R o6l %

RT . ANHITIEY — A5 %

f(@) = (|z]* = 1 — 1.5sin 2 sin 222)° (60)

¥ LT, HPBEEWIR 57) 2HW2, /2. Bl
LTdRABkICT = (0,07 ZHWV3, BRREHOEBHEIZ
M =80, EHROIZ 2N =320 & T 5,

V=R fXf>0THH, ZOEEHMEMIF L EFALES
HRPAMIRT D 25 5, /MUERIE (15) 1% 0Q, 252 OEHE
MRE =BT 2 ZICR/ME(r) =0 ZERT 3 2 & IR
X5,

C N

T~

\\

—

0 20 40 60 80 100 120 140 160
Step

Fig.2: Convergence history of the objective
functional j.

TR 2 FUS AL o 82 0.1 O & LT 3.4 B &%
PRITLEMREZ RS, £3. EAHLD (S X — &2k =3,
a=10"% 2# A TRBELEET LB BHILBEHOED
BR8N IREZNZ N Fig. 2, 31IRT, ZIZT, IX
%%#mnvm@m@}<urﬁAmmo%#wﬁﬁuc:01
L7, ZORRP S FIHIGIRD &R o T TEIR AT
W F=0DFMEMMEFEL, ZEjr)=02FEX LTS
EGh B,

Xz, Hilbert IER{bIC & 2 ABLOIERLORRZ fER T
57012, k=0 LTHUREMMGAEEZHEITT 2, 2Ok
& HY. = L2[0,27] ¢ C3, TH 25, stEEN 2 HEIE
LMREFEHMEZAELTOVRVWAREELRD 5, Boh iRz
Flg 4I1TR T, ZDRERD S, Step 5 F TIXIEANLZ ML 72

BrBBXZEUBREEIZ D, Step 6 22 5RO BHT B
#Exwghéo_®ﬁ%iu&®x%yff%mbﬁw\
Fig. 3 L FARDBIREG 2 Z LI TE R,

2, MEBEFRIZ L > TELNLHEE Vij(r) &, (ERE
T % discretize-then-optimize #iC & » TH 5N 7= Vii(r) i
BEMRZGEICOVTHRET %, REUEFCXBERIL D 3
SR —RITM =160 3 XU 2N = 640 Z3ERN, ZDftho <
7 X =& BHRULEE. wIfRRERREf xRt o%H
W3, Dl EoEE THREELEETLUERE Fig. 51
KT, ZOMELS, MERIEZ k=02BALEE LA
IR EIT OBREKBHEEL TWB B9 h b, — /T, i
RIRFAEEG & A OBR»E o TED ., IBREHOH
HEZRTNIX—F M BPEKLEE S ZEICRELD
EITTED I DELD NIz,

5. #&
AL, BERES AR RSN IREHIKET 2
HHTILBE 8 D Fréchet 0 2 EFEEBIEICEK DS EFH A L 72,
F 72, Z @ Fréchet 77 R¥K1C Hilbert IERA{LZ S Z & T
YR NBEBARN GO 2R LTz, /2. ZhbiX
BEFMZ@ L TEZYETHD e R L,
RS IXFE H D 72 12 Laplace 77 £ D A Dirichlet [
BOBERES AR WHR e Uk, RO FIEI M 557
o AER. KIS & Fredholm &5 AR E B 2@ A
AlRETH 2 L Bbhd, ZOKE MRINEHIEL LT (1)

il
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Fig.3: Obtained shapes during the shape op-
timization for k = 3. The dotted lines
represent the zero isoline of f. The

dot indicates the observation point z =
0,0).

(c) Step 6

(d) Step 8

Fig.4: Obtained shapes during the shape op-
timization for k£ = 0. The dotted lines
represent the zero isoline of f. The

dot indicates the observation point z =
(0,0)7.

(b) Step 8
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(c) Step 20 (d) Step 178
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OPTIMIZATION METHOD WITH GEOMETRIC CONSTRAINT

FOR MOLDING USING FICTITIOUS ANISOTROPIC DIFFUSION EQUATION

BASED ON COUPLED FICTITIOUS PHYSICAL MODEL

HE Bk, IiH S48 2

Mikihiro TAJIMA and Takayuki YAMADA

This paper focuses on manufacturing the optimal structure obtained by topology op-
timization using molding techniques, e.g., casting and injection molding. In molding
processes, products cannot geometrically be demolded if undercuts and interior voids ex-
ist in the structure. Thus, topology optimization that leads to a structure satisfying the
geometric constraint for molding is required. In this study, we detect regions that violate
the constraint using a fictitious anisotropic diffusion equation. Additionally, based on the
concept of a coupled fictitious physical model, which overcomes the convergence prob-
lem in the previous formulation method, we formulate the optimization problem. After
deriving design sensitivity and an optimization algorithm, we verify the validity of the
proposed method through a numerical example.

Key Words: Topology optimization, Level set method, Molding constraint, Geometric
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Mold Mold
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(a) Open/closed direction
Undercut  Interior void

(b) Undercuts and interior voids
Violation regions

(¢) The regions violating the mold constraint (vio-

lation regions)

Fig.1: The geometric constraint for molding. Undercuts
and interior voids surrounded by dotted lines cannot be

demolded.
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Fig.2: Problem setting and boundary conditions.
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Fig. 3: The regions G(p, x) that violate geometric con-

straint at each diffusion coefficient in Eq. (11).
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Fig. 4: The distribution of the state variable ¢ of the

fictitious filtering equation.
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Fig. 5: Fictitious Young’s modulus E¢(q, X).
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Fig. 7: Optimal structure obtained after 500 steps with-

out the molding constraint.
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Fig.14: Optimal structure obtained after 500 steps with-

out the molding constraint.
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Fig. 16: Optimal structure obtained after 500 steps with

the molding constraint.
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Fig. 17: Changes in mean compliance by step with and

without the molding constraint.
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straint by step with and without the constraint.
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TOPOLOGY OPTIMIZATION FOR SLIDER-CRANK MECHANISMS
BASED ON MICROPOLAR ELASTICITY

WNE FERAED, (L S48

Yurika SAYO and Takayuki YAMADA

The slider-crank mechanism plays a crucial role in various mechanical systems, converting
rotational motion into linear motion and vice versa. This mechanism, comprising multiple
links, offers versatility in applications such as creating intricate strokes and incorporating
adjustment mechanisms. However, manually designing the part layout and dimensions
for desired functionality can be challenging. This study introduces a comprehensive op-
timization approach to determine the number, dimensions, and link structure within a
slider-crank mechanism using topology optimization techniques. The linkage mechanism
is represented as a topology-optimizable continuum, utilizing micropolar elasticity with
independently definable bending and tensile deformation properties. The topology opti-
mization problem is then formulated to enable the slider to produce the desired stroke
curve using the proposed model. The proposed multi-material model is defined by the
design variables of the Solid Isotropic Material with Penalization (SIMP) method, and
the optimization problem is solved by a gradient-based optimization algorithm. Finally,
we validate the effectiveness of this method through numerical examples.

Key Words: Topology optimization, Slider-crank mechanism, Link mechanism, Microp-

olar elasticity, Mechanism synthesis
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Fig.1 Deformation characteristics of the link mechanism.
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Table 1 Parameters for each case in the numerical example.
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Case 4 | 0 0 0.15

6. &8
AR TIE, ~4 70 R-FHMEERICE 2D v 7 EEDR
HUEFNEEBATEIETRAIAR-27 7% Ko
VR T A TIEEREE L. BoRAEEMUTIORT.
o SRR L i TR R O ICERATRER~ A 7 B R —
FHERD 2 MBI ET VR WS T, VY B
MRy —REbAT RS A TRl T 2 E A Tk
R,
o BEEFNLEHAVTATIAXVHED R + v — 7 iR
BYBREIBRATAR-I 5 ERRIT 20D
PR Y -RECHEEERM L. AT X ERT
HEB DB FUER) 71 & BE R AEN R AN S
T, DRI 4 X T 2 HHEDOMREZIT-
7o BWBEEWE, HAEMOREREE v v 7
DOFTAIAINF—DOEAEAEH WL
o SIMP JEIZH S WTIREE T L DMK 9 % K 5 %E
EREHFREL, ZORELT VY XLEMBEL K.
o RFERIC K 2 HUEMMGIZRL, HIEROZY LM
FL ASAXDOAE, R o— 7 hRoIRE, i
MoRL 2 BEZHLEICN LT, HHENHEYZEE
DATAR-7 7 v e RELCEYE R,
MHER T E 7=,
AREFFRTIE, ET VOB ERITo72720, Bo0b
2574 XDA +u— 7 I IEKEBRICRE XN, 5%



%

(a) Case 1.

/

(b) Case 2.

(c) Case 3.

(d) Case 4.
Fig.6 Optimal distribution.
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Table 2 Deformation and distribution of micro-rotation in Case 1.
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INFLUENCE OF IMPERFECTIONS ON BUCKLING SOLUTIONS OF

AN INFINITE BEAM RESTING ON A NONLINEAR WINKLER FOUNDATION
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Kazuhisa ABE and Sota HAMAZAKI

1) FR KL (T 950-2181  #HHiBHT AKX AL-+J&l 2 D H 8050 # i, E-mail:abe@eng.niigata-u.ac.jp)

2) FHE A F T

(T 950-2181  #FrimhiPai X f+ & 2 DM 8050 H M, E-mail:t20a093h@mail.cc.niigata-u.ac.jp)

Buckling of an infinite Bernoulli-Euler beam resting on an elastic Winkler foundation

characterized by a cubic nonlinearity is studied. Especially, theoretical formulae of the

buckling load are derived based on the perturbation method for a beam with initial

deflection and variable axial load. First, the snap-through buckling load is obtained for

space-harmonic imperfections in both the initial deflection and the axial load. Next,

the initial deflection and axial load fluctuation given by stationary random functions are

considered. Expectation of the buckling load is described as a function of variance and

power spectrum density of these uncertainties. Through buckling analyses, the theoretical

buckling load is compared with numerical results. It is shown that the derived solutions

can be a good approximation to the present problem.

Key Words: perturbation analysis, variable axial load, space-harmonic imperfection,

stochastic uncertainty
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Material interpolation scheme and sensitivity analysis are studied in this research, with
the aim to achieve topology optimization of rarefied gas flow structures. Choosing the
discrete velocity method as the numerical approach for the Boltzmann equation, mate-
rial interpolation scheme is developed by correcting the convection flux of the discretized
convection equations and re-scaling the relaxation term of the Shakhov gas kinetic model.
With the proposed interpolation scheme, material distribution can be effectively modelled
using a pseudo design density. A discrete adjoint system is proposed for sensitivity anal-
ysis. The governing equation, the Boltzmann equation, in the optimization problem is
replaced by the steady state condition of the numerical scheme. The discretized version
of the governing equation results in a simple and straightforward way to formulate an
adjoint system using the Lagrangian multiplier method. The numerical solution of the
adjoint system can be obtained by a similar numerical approach, if the flux Jacobian of the
original system is transposed. Numerical examples confirm the validity of the proposed
methods, which can serve as the basis for structural optimization algorithms in rarefied
flow systems.

Key Words: Boltzmann Equation, Adjoint System, Sensitivity Analysis, Rarefied Gas,
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1. Introduction

According to the kinetic theory, gas is made up by an
enormous number of molecules travelling randomly in space.
Each molecule carries momentum and energy, and their ran-
dom collisions result in dissipation of momentum and energy
in the form of shear force and heat flux. Under usual condi-
tions, the shear number of gas molecules guarantees that the
collision frequency is extremely high, so that the mean free
path (the average distance travelled by molecules between
collisions) is very small, and hence negligible compared to
the characteristic length of the flow field. In other words,
in the macroscopic scale (one that is comparable with the
characteristic length of the flow field), gas can be treated as
a continuum, where only a few macroscopic quantities (such

as density, temperature, and velocity) are required to fully

2023 £ 10 A 8 H3{F, 2023 4 10 A 31 H=H

describe it. The dissipation of momentum and energy via
the numerous inter-molecular collisions can be categorically
described by constitutive laws such as Newton’s law of vis-
cosity and Fourier’s law of heat conduction.

However, under what is called the rarefied condition, be-
havior of gas can be drastically different. By definition, rar-
efication refers to the condition where the mean free path A
becomes non-negligible compared to the characteristic length
L. of the flow field. Or, introducing the non-dimensionalized
Knudsen number Kn = A/L., when Kn gets larger than
10~ Under rarefied conditions, the lack of inter-molecular
collisions means the velocity distribution of gas molecules
deviates from the conventionally assumed equilibrium con-
ditions. As a result, the empirical constitutive conditions
will break down, and the flow field will be more suscepti-
ble to the conditions of the solid boundaries that enclose it.

When Kn is sufficiently large, peculiar phenomenon such as



thermal transpiration will occur@ .

The condition of rarefication usually requires extremely
low pressure (for large ) or very small spatial scales (for
small L.). Although rarely encountered in daily life, rar-
efied gas are commonly found in several cutting-edge en-
gineering fields, such as vacuum technology, space technol-
ogy, and micro-electro-mechanical systems (MEMS). Accu-
rate modelling and numerical simulation of rarefied gas flows
are, therefore, of fundamental significance to the design and
developments of various products. Examples include micro
actuators, gas sensors, and space nozzles®. However, the
optimal design of these fascinating devices have long been
an open question. This is primarily due to the mathemati-
cal and computational barriers associated with the governing
equation, the Boltzmann equation. As is mentioned, rarefied
gas behaves unconventionally, and thus the Navier-Stokes-
Fourier (NSF) equations cannot be used as the governing
equation. The Boltzmann equation employs a distribution
function f to describe the distribution of gas molecules in
terms of both position and velocity, and the equation is
closed by considering the changes to f due to streaming,
reflection, and collision of all the molecules. Over the years,
several numerical methods have been developed for the Boltz-
mann equation, such as the direct simulation Monte-Carlo
(DSMC) 6) the discrete velocity method (DVM)(™ 8 and
the lattice Boltzmann method (LBM)( 19 However, solv-
ing the Boltzmann equation numerically does not fully ad-
dress the question of optimal design. Theoretically, empir-
ical methods like trial-and-error can be applied, where one
chooses from a finite number of candidates according to nu-
merical results('?). But clearly, empirical methods lacks rig-
orousness, as it cannot rule out the possibilities of better
designs that are not tested yet. Apart from that, empir-
ical methods require considerable computational resources,
which makes applications to large-scale systems expensive
As a result, at the time being, most flow devices in rarefied
flow fields have rather simple shapes, consisting mostly of
straight lines and arcs(13),

In order to develop optimal design approaches for rarefied
gas flows, researchers have turned to topology optimization.
The advantages of topology optimization is quite obvious: it
preserves the high degree-of-freedoms of the original design
problem, and ensures global optimality of the obtained re-
sult. However, the complexity of Boltzmann equation poses
a challenge to conduct material sensitivity analysis. From
the available literature, Sato et al. used a direct extension
of the Boltzmann equation to describe material distribution,
and design sensitivity is obtained using the adjoint variable

(14).

method and the Lagrangian multiplier method How-

(11).

ever, the complexity of the Boltzmann equation, or the sub-
stituted Bhatnagar-Gross-Krook (BGK) equation, results in
cumbersome derivation and numerical treatment of the ad-
joint system. As is reported, optimization of a 2D system
using 100 x 100 square meshes takes around 40 hours.
Guan et al. used direct simulation Monte-Carlo (DSMC)
to calculate the rarefied flow field, and proposed a mate-
rial interpolation scheme based on the DSMC algorithm us-
ing a pseudo design density(16).

discretize-then-optimize (DTO) approach due to Caflisch(*®)

For sensitivity analysis, a

is used. This approach focuses on the dependencies of the
numerical variables in the simulation, and bypasses the te-
dious treatment of the continuous adjoint system as is used
by Sato et al. Nevertheless, the DTO approach in sensitivity
analysis could require storage of all the intermediate vari-
ables during the simulation, which incurs extreme memory
usage in practical terms.

In this paper, we would like to present an efficient sensitiv-
ity analysis approach for rarefied gas flows, which addresses
the drawbacks of the above-mentioned methods. The struc-
ture of this paper is as follows. In Section 2, a brief review
of the discrete velocity method (DVM) is provided, which
is a deterministic method for the Boltzmann equation. In
Section 3, a new material interpolation scheme is proposed.
The proposed interpolation scheme is based on the DVM al-
gorithm, and directly captures the presence of solid by modi-
fying the convection fluxes. In Section 4, design sensitivity is
derived based on a discrete adjoint system. It will be shown
that the proposed approach reduces memory cost compared
to the DTO approach, and its computational cost is com-
parable to the forward DVM process. Finally, in Section
5, several numerical examples are provided to validate the

proposed interpolation scheme and sensitivity.

2. Review of the Boltzmann equation and DVM
2.1. The Boltzmann equation
Neglecting external force, the single-species rarefied gas

flow is governed by the Boltzmann equation

Ji _
o+ Vaf =Wl 1)

In Eqn. (1), f is the distribution function of the gas molecules.
f(z, v, t) represents the probability density of finding a molecule
around position & with velocity v at time t. On the right
hand side (RHS), W{f] is the collision integral, which de-
scribes the rate of change in f due to the collisions between

molecules. The general expression for W(f] is
Wil = [ [ ato= w0 i = hdodm, @)
R3 J§2

where S? is the unit sphere, ¢(v — v1, 0) is the collision sec-

tion that characterizes the likelihood of collision between



molecules with velocity v and v; at reflection angle indi-
cated by o, and f1, f*, fi" are short-hand notations for the f
at pre-collision and post-collision velocity points. The details
of Eqn. (2) can be found in reference(!”).
2.2. DVM

In order to solve Eqn. (1), DVM first introduces a simpli-
fication of the collision integral W. The Shakhov gas-kinetic

equation is often used, where
1 sh
Wifl= 2(™ - ). 3)
In Eqn. (3), 7 = p/p is a characteristic relaxation time,
where p is viscosity and p is pressure. f°! is a target relax-
ation state given through the Maxwellian distribution f™?
by

2
sh ma Q - C C

= 1+(1-P S 4

prefira-e e (o)) @

where ¢ = v — V is the peculiar velocity, Pr is the Prandtl

number, Ry is specific gas constant, V, @Q,T are the velocity,

heat flux, and temperature of the flow, respectively. The

expression for f™ is

2
ma _ P _ C
@t = g (~amp ). O

where p is density of gas.
Using the Shakhov model, Eqn. (1) is simplified to

8f _l sh_
O v Vaf = 1 ). (©)

DVM uses discretized values of f over both the physical do-

main and the velocity domain to solve Eqn. (6) numerically.
Let {01,902, -+ ,0n,} be a set of N, fixed velocity points,
Eqn. (6) is discretized in velocity domain as
% + ik Vo fr = %(fih — fr) ()

for 1 < k < N, where fi" stands for 8 (x, or, t) and fr
stands for f(x,0x,t). Note that, if the RHS of Eqn. (7) is
treated as an external source, Eqn. (7) represents a system
of convection equations, each with fixed velocity v5. The
system of convection equations can be solved efficiently via
many of the established methods in computational fluid me-
chanics. In this paper, we use the same finite volume method
(FVM) spatial discretization for all the N}, equations.
2.2.1. Macroscopic quantities

For computation of f*" and for evaluation of the flow field,
macroscopic quantities such as density, velocity, tempera-

ture, etc. are usually required. These quantities can be

obtained as moments of the distribution function f.

p(z,t) = - f(z, v, t)dv, (8)
V(z,t) = % » f(z, v, t)vdv, 9)
pe) =5 [ f@onw= Vi (10)

Q)= 1 /R @)= V(- Vi ()

In DVM, the integrals in Eqn. (8) to Eqn. (11) should be re-
placed by numerical quadrature. In this paper, 24-point and
50-point Gauss-Hermite quadrature are used. Temperature

can be obtained by the equation of state

p

=, 12
Rq (12)

and relaxation time can be obtained by
i wlT/m) )

p p

where o is a reference value of p at temperature Ty, and w
is a gas-specific constant. Once the macroscopic quantities
are obtained, f*® can be explicitly calculated.
2.2.2. Boundary condition

For a computational domain C of rarefied flow, its bound-
ary can be divided into two types: open and closed. Open
boundaries are those where fluid is present on both sides,
such as flow inlets/outlets, and far-field flows. For open
boundaries, boundary conditions can be determined accord-
ing to established results in CFD. For closed boundaries,
gas molecules are reflected on the solid surfaces. The ex-
act boundary conditions are given in terms of reflection ker-
nels Ryq(vs, vr), which states the probability density of a
molecule getting reflected to velocity v, when it hits the sur-
face with velocity v;. In DVM computation, solid boundaries
are treated as extra source (or sink) of f.
2.2.3. Time marching scheme

In rarefied gas flows, turbulence is hardly present, and the
focus is mainly on the steady state flow field. Therefore,
an LUSGS-based implicit time marching scheme, as is de-
scribed in reference(*®) is used, which drastically speeds up

convergence.

3. Topology optimization and material interpolation
3.1. Topology optimization

In topology optimization, we consider the problem to find
the optimal structure that minimizes/maximizes a given ob-
jective function. The key idea is to replace the structure
optimization problem by a material distribution problem,

namely, for a characteristic function x, we let

x(w)—{l el (14)
0 ze€D\F,

where D is the design domain, and F is fluid domain. How-
ever, as x can take either 1 or 0 for & € D, infinitely small
structures are not prohibited, resulting the optimization prob-
lem being ill-posed. One solution is to use a normalized
density « instead of x as the design variable, where « is in
L%°(D;]0,1]), Lebesgue integrable functions defined over D
with value between 0 and 1. Using the pseudo design density

can increase the regularity of the obtained structures(1?) .



However, introduction of o brings a new problem. As «
can take values between 0 and 1, some intermediate state
between solid and fluid is introduced. Therefore, the com-
putational domain, which consists of pure fluid initially, will
have to be extended to a domain of mixed fluid and solid.
3.2. Material interpolation in DVM

(14), extension of the rarefied flow is achieved

In reference
by extension of the Boltzmann equation. It is noted that the
fixed solid can be treated as some porous media with varying
permeability. A numerical scheme is then developed to solve
the extended Boltzmann equation.

In this paper, we consider a more straightforward ap-
proach, where we directly construct an extension to the con-
ventional DVM algorithm. Following the FVM spatial dis-
cretization, we let & denote the discretized representation
of design variable o in N. computational cells. Namely,
a@=(a1,as, - ,an,)’, where (-)" denotes transposition. We
state that the following properties should be satisfied by the

extension:

e The result of extended DVM calculation should change

continuously with a.

e For a given & whose elements are either 0 and 1, re-
sult of the extended DVM shall be the same as con-
ventional DVM, where the computational domain is
set to the union of all cells where a = 1, and identical

boundary conditions are applied.

Shifting the focus from the Boltzmann equation to DVM
bypasses the cumbersome derivation processes, and allows
us to control or fine-tune the material interpolation scheme
directly. In the following subsections, we present the detailed
description of our extended DVM scheme.

3.2.1. Modification in convection flux

The DVM discretization transforms the Boltzmann equa-
tion into a system of convection equations (7). Using FVM
spatial discretization to solve the convection equations in-
volves evaluating the surface fluxes at the boundaries of the
computational cells. Without loss of generality, we write the
flux as ¢y, for the convection equation featuring 0. The de-
tailed expression of ¢ shall depend on the flux reconstruc-
tion scheme one chooses, for instance, first-order upwind,
Van-Leer, essentially non-oscillation (ENO), etc. In conven-
tional DVM, the computational domain consists purely of
fluid, hence ¢y, that leaves the upwind cell flows entirely into
the downwind cell. This ensures conservation of the FVM
scheme. However, the the extension of DVM, our computa-
tional domain may include a mixture of different materials,
as is indicated by the value of « stored in each computational
cell. In order to model the transfer from fluid (o = 1) to

solid (o = 0), we suggest the following correction of convec-

tion flux, using the value of a across the cell boundary. Still,
we let ¢ represent the flux obtained according to standard
DVM, aup be the value of v in the upwind cell, and agown be
the value of « in the downwind cell. The corrected scheme

is described as follows.
e The flux that leaves the upwind cell becomes oup k.

e The flux that enters the downwind cell becomes
aupadown¢kv

e In order to preserve conservation, the difference be-
tween the two fluxes, aup (1 — Qdown )Pk, shall be fed to
a local reflection kernel R, which describes post-
reflection conditions, if solid is present in the compu-

tational cell.

Note that, in this extended scheme, when oy, = 0, the net
flux that leaves the cell must be zero, which is in accordance
with the idea that solid does not emit molecules into gas.
On the other hand, when qdown = 0, the flux enters the
downwind cell must be zero, which means solid does not
absorb molecules from gas. In that case, aup = max(aup —
Qldown, 0), which means all the flux that leaves the upwind
cells shall be reflected.

Also note that, the proposed scheme does not depend on
the actual expressions of ¢r and Riocal, and only depends
on aup and adown. This ensures the versatility, namely, this
extension in convection flux can be applied to any flux re-
construction scheme and any reflection boundary condition.
3.2.2. Modification in relaxation time

In DVM, we use implicit time scheme to update the flow
field. According to reference(lg), the convection fluxes, as

well as the flf term on the RHS of Eqn. (3) are treated
T

implicitly, while the Shakhov state lfs'h is treated as a con-
stant source term in every iteration.T This is because f*" de-
pends on all the velocity components in one computational
cell. If a full implicit scheme is used, f*® will have to be
re-calculated after the update of every single velocity com-
ponent, which is too expensive in computational terms. It
can be shown that, when Kn is sufficiently large (Kn > 1),
treating 1 f explicitly will not slow down convergence sig-
niﬁcantlyj- as convection still dominates the development of
flow field. However, in the extended DVM scheme, « re-
stricts the effective convective fluxes between computational
cells. As a result, when « takes a non-zero small value,
the magnitude of convective change will likely be overshad-
owed by the magnitude of relaxation change, which can be
thought of as a local drop in Kn for the computational cell.
Consequently, explicit treatment of 1 " cannot effectively
update the flow field, and the speed (Z-f convergence could be

drastically impaired.



In order to fix this local decrease in Kn and restore the

computational efficiency, we suggest the relaxation term strength

to be equally scaled by local value of a. Namely, the collision
integral W shall be modelled by

(%

=" =1 (15)

wif) =2
Using the modified relaxation model ensures that the mag-
nitude of convection and relaxation remain balanced accord-
ing to a global Kn, so that the rate of convergence of the
extended DVM will be at the same level compared to con-
ventional DVM.
It may cause some confusion that for a = 0, the relax-
ation term vanishes for solid regions, which is opposite to

the model in reference(*4)

, where solid is treated as regions
where inter-molecular collisions are extremely strong. Note
that, in our proposed method, despite relaxation is effec-
tively non-existent for solid, the velocity distribution in solid
region has zero effect on its neighbouring cells due to the cor-
rection in convection fluxes. The presence of solid (or cells
where o = 0) is manifested by the additional reflection fluxes
created at the cell boundaries, whose intensity depends en-
tirely on the incident flux from outside the solid region. And
since the effective convection flux from the upwind cell to the
downwind is corrected by a factor ctup@down, the influence of
a computational cell to the entire computational domain is
limited by the local value of . Together with modification of
macroscopic flow quantities in the objective function, which
will be introduced below, modifying 7 according to a will not
cause ill effects to the global flow field, even if 0 < o < 1.
3.2.3. Modification in objective function

In order to increase the convexity of the optimization prob-
lem, we suggest to add a penalty term in the final results
of DVM calculation. Let p, V,@ Q be the density, velocity,
pressure, and heat flux calculated from numerical quadra-
ture, as is done in convectional DVM. In the extended DVM,
we suggest using p*, V*,;f*, Q* as substitutions. The defini-

tions are
p=a’p+ (1 —a”)po, (16)
Ve=a"o+ (1-a") Vo, (17)
p*=a’p+ (1 —a’)po, (18)
Q*=0"Q+(1-0a")Q,, (19)

where po, Vo, po, Q, are constant values, representing the de-
sired density, velocity, pressure, and heat flux of the flow field
when solid is present. For steady solid, Vo = Q, = 0. Gas
density and pressure are not properly defined for a pure solid
region, we suggest using the initial values in DVM calcula-
tion po = pPini, Po = pini- The exponent S > 0 controls the

level of penalization.

4. Sensitivity analysis via discrete adjoint system
In topology optimization, the key step, sensitivity analy-
sis, is dedicated to evaluate the change of the objective func-
tional due to changes in the design variable. The conven-
tional sensitivity analysis approach is to use the Lagrangian
multiplier method with adjoint variables. Like is done in ref-

(14), a system of adjoint equations, with proper bound-

erence
ary conditions, should be derived based on the Boltzmann
equation. After that, a separate numerical scheme is de-
veloped to solve for the adjoint variables numerically. This
optimize-then-discretize (OTD) approach, as is discussed in
1refelrence(15)7 requires rigorous yet tedious derivations, which
is particularly the case for the Boltzmann equation. In refer-

ence(16)

, an alternative discretize-then-optimize (DTO) ap-
proach is used, where the focus is shifted to the numeri-
cal variables. The DTO approach bypasses the derivation,
and simplifies the formulation significantly. However, simply
tracking the dependencies of the numerical variables from
their initial values to the steady state solution incurs seri-
ously high memory usage and lacks computational efficiency.
In the following subsections, we shall introduce a discrete
adjoint system based on the discretized version of the Boltz-
mann equation through the proposed extension of DVM.
4.1. Symbolic expressions for the extended DVM
In extended DVM, we can write the discrete values fk in

one state vector fe RNeNv

—

f:(fzzf;7"'7.fﬂNC)/7 (20)

where each f; € RMv represents the discretized fk(l <k<

N,) in the computational cell indexed 4,

fi = (fl,'i7f2,i7' o ava,’i)/‘ (21)

The extended DVM updates the state vector f at every time
step until the flow field reaches steady state. The steady
state can be identified as the zero of a residual operator
E( f) € RVeNv_ R takes the current discretized value f as
input, and returns the rate of change with respect to time
for every component. The detailed expressions of R should
depend on the FVM discretization of the computational do-
main, the flux reconstruction scheme for the convection equa-
tions, and &@. Therefore, the steady state of the rarefied flow

field, as is dictated by
v-Vaof = WI[f] (22)
can be rewritten in discrete form as

R(f;@) =0. (23)

Note that, the boundary conditions of Eqn. (22) are auto-
matically included in Eqn. (23) by proper definition of R.



4.2. Discrete optimization problem
Following the discretized governing equation, we consider

the model optimization problem for rarefied flow field.
inf K = K (f; @), (24)

subject to
R(f:@) =0. (25)
K is a objective functional to be minimized, and is defined
over the state vector fand the pseudo design density &@. Note
that the expression of K is very general, as all the macro-
scopic flow quantities can be obtained from the discrete ve-
locity distribution function via proper quadrature. Equation
(25) uses the discretized expression of steady state.
4.3. Discrete adjoint system

Design sensitivity is obtained using the augmented La-
grangian multiplier method with adjoint variables. We de-

fine the Lagrangian J as

- —

=K(f;a@) - ®- R(f;a) (26)

In J, & € RNeMv is the vector of adjoint variables. Accord-
ing to first-order optimal conditions, we derive the adjoint

equations by stating —,

oK (8}3) d=0. (27)
of \of

= 0, namely,

Note that, 871(; is the gradient of K with respect to f_: which

is a vector in RVe™v. = i the Jacobian of flow residual R

with respect to f, which is an N.N, x N.N, square matrix.

o K R
For known f and &, % and ? can be explicitly formu-

lated. Therefore, symbolically speaking, Eqn. (27) is simply
a system of linear equations. Once P is numerically solved,

the sensitivity H is obtained by

N/
- 9J 0K OR\ =
=%~ %a ~ (aa> e (28)
Similar to Eqn. (27), aal_(, Z_, are gradient and Jacobian

which can be explicitly evaluated given f and a.
4.4. The transposed flux Jacobian
The main challenge of sensitivity analysis lies in Eqn. (27),

where we need to find the inverse of the transposed flux

N/
Jacobian (Z?,) . Let B denote the original flux Jacobian

—

—13 Note that, due to the structure of f, B can be written
in the form of a N. x N. block matrix. Each block B; ; is a

N, x N, sub-matrix, which corresponds to the Jacobian of

flow residual in cell 7 with respect to the state vector in cell

i. Note that, due to the locality of the FVM discretization,
most of B; ; will be zero. B;,; is non-zero only when ¢ = j or
when i, j are adjacent computational cells. Therefore, the
transposed system B’ is also a sparse matrix, which can be
solved using the LUSGS technique with similar efficiency.
4.5. Discussion regarding the adjoint variables

The sensitivity obtained via the discrete adjoint system is
closely related to one that obtained from a finite-difference
approach. Consider the objective functional K( f; a), we
would like to obtain its rate of change with respect to per-

turbations in @, which is to consider the total derivative

dK _ 9K of

da af oa Boz (29)

For given objective functional K and known values of f and

—K_: and oK can be explicitly evalu-

@, the two gradients %

ated. However, the remaining term is less obvious. f

and & are related by the state equation (25), which dictates
that zero flow residual should be attained by f under given
a. Therefore, for a small change in & to & + Ad, the cur-
rent steady state fmust change to f—i— Af, such that their
induced changes in R cancel out. Namely,

—

R(f+ Af:d+ Ad)

—R(fa) + %};Af 4 aRAa + O[(max(||AF]), | Ad)]
=0. (30)

Note that the original steady state satisfies ]%(f, a) =

neglecting higher order terms, we have

A
oa — \of

Substituting Eqn. (31) into Eqn. (29), we get an alternative

L

(31)

Qv‘ QJH
QL

expression for sensitivity

-\ —1 —
K K K
d < _OK [OR 671:2 n 0 iy (32)
da f f oa oa

-1
. OR . .
Note that, the inverse <8f‘> is not necessarily sparse,

and would take up too much memory to store when N.N, is

large. One possible solution is to use an iterative approach
OR
2a
is an N.N, x N, matrix. When N, is large, this approach is

to calculate the result of Eqn. (31). However, note that

still considerably expensive compared to finding the steady
state flow field in DVM. One more feasible approach is to

S\ -1
K
evaluate %f (@,) first. Note that the transpose rule
!

o
(57) |G o

states that

5 (55)

!




The solution of Eqn. (33) is exactly the adjoint variables ®.

5. Numerical examples
5.1. Material interpolation
We use the following flow fields to demonstrate the validity

of the proposed material interpolation scheme.

Thign = 1.5

1.0

\& periodic

boundary

X Tlaw =05

1.0

(a) Benchmark case.

Thigh =1.5

|

& periodic

boundary

0.2

flog

=)

S
Il
o
(31
5]
Il
o

1.0

(b) Extended case.

Fig. 1: Computational domain of the plane Fourier flow.

5.1.1. Plane Fourier flow

In plane Fourier flow, rarefied gas is placed between two
infinitely large parallel plates. The plates are stationary,
but kept at different temperatures. The lower plate has
Tiow = 0.5, and the higher plate has Thign = 1.5, which are
non-dimensionalized against reference temperature Tp = 273
K. The separation between the plates is 1 m, which is also
the characteristic length of the flow field. Diffuse reflection
boundary conditions are set at the gas/solid interfaces. We
choose Argon as the working gas, and consider cases where
a uniform initial density po results in Kn = 10.0,1.0,0.1,
respectively.

As a benchmark case, we first calculate the flow field us-
ing standard DVM procedure. Due to the symmetry of the
problem, we use 100 uniform-spaced computational cells to
discretize the domain. The velocity domain is normalized by
the reference speed vo = V2RoTo, and discretized using 50
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Fig. 2: Temperature distribution in the plane Fourier

flow at different Kn.

Gauss-Hermite quadrature nodes in each spatial direction,
resulting N, = 2500 for the 2D case. For the discretized
convection equations, first-order upwind scheme is used to
reconstruct the surface flux.

To test the proposed material interpolation scheme, we
consider an extended computational domain, where the sep-
aration between plates is increased to 1.2 m, and the number
of uniform computational cells is increased to 120. In order
to maintain the characteristic length, the lower 1/6 of the
computational domain is assigned o = 0, and the rest 5/6 is
assigned a = 1. Illustration of the computational domains is
included in Fig. 1. Fig. 2 and Fig. 3 show the distribution of
temperature and heat flux (normalized against Qo = pov).
In the flow region where o = 1, the extended DVM gives

identical results compared to the benchmark cases. In the



extended region where a = 0, due to the modification scheme
introduced in Section 3.2.3, macroscopic quantities actually
do not depend on DVM results. Flow temperature and heat
flux are simply forced to be 1.0 and 0.0, respectively, which
are prescribed values to represent the presence of solid. Of
course, the choice of representation of solid is a rather ar-
bitrary one, for instance, one can use 0.5 to represent solid

temperature in this plane Fourier flow.
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Fig. 3: Heat flux distribution in the plane Fourier flow

at different Kn.

5.1.2. Plane Couette flow

The setup of plane Couette flow is similar to that of the
plane Fourier flow, as is shown in Fig. 4. Rarefied Argon is
placed between two infinitely large parallel plates separated
by 1 m. Both plates are kept at 7" = 1.0, but the upper
plate moves at vplate = 0.1 (normalized against vg). The
solid surfaces are treated as diffuse reflectors. We use the

same discretization scheme as the Fourier flow, which is 50

Gauss-Hermite points in each spatial direction, and N, =
2500. Three cases are considered where Kn = 10.0,1.0,0.1,
respectively. Again, we consider a benchmark case and an
extended case, where the separation is increased to 1.2 m,
and the lower 1/6 of the computational domain is marked
by a = 0.

vplate =0.1

— >
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k periodic

boundary
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(a) Benchmark case.
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boundary
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Fig.4: Computational domain of the plane Couette flow.

Fig. 5 and Fig. 6 show the distribution of x—velocity
(normalized against vg) and shear stress (normalized against
povg). Note that in the flow region where o = 1, the ex-
tended DVM gives identical results compared to the bench-
mark cases. In regions where o = 0, like the case of plane
Fourier flow, the final velocity and shear stress are effectively
independent of DVM results. Their values are both set to 0
due to the modification scheme in final macroscopic quanti-
ties.

5.1.3. Cavity with inlet and outlet

We consider a 2D cavity with an inlet and an outlet, as
is shown in Fig. 7. At the inlet, gas density and pressure
are fixed at unit value. At the outlet, vacuum condition is
imposed, which means no molecules can come in. Knudsen
number is set to Kn = 1.0. The computational domain is

divided into two regions C; (white color) and Ca (gray color).
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Fig.5: x—velocity distribution in the plane Couette flow

at different Kn.

In C1, we set @ = 1. In Ca, we consider three cases where
a = 0,0.5 and 1. The distribution of flow velocity is shown
in Fig. 10. It can be seen that as a in Cs increases from 0
to 1, the velocity in Co gradually increases, until it merges
with C; as a whole. The physical domain is discretized by
100 x 100 uniform square cells, and the velocity domain is
discretized by the same 2500 Gauss-Hermite points in 2D as
in previous cases.
5.2. Sensitivity from discrete adjoint system

We use the same 2D cavity problem to demonstrate the
validity of design sensitivity obtained from the discrete ad-
joint system. The discretization schemes in both physical
and velocity domains are kept identical. Consider the ob-
jective functional K defined as the flow rate at the inlet.
Namely, K is the average of flow velocity in the z—direction

at T'in. In discrete terms, K is obtained by the average of
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Fig.6: Shear stress distribution in the plane Couette flow

at different Kn.

x—velocity among all the cells at I'in, which are obtained ac-
cording to Eqn. (17). We consider the case where o = 1 in
the computational domain, which means the cavity is filled
with rarefied gas. Letting 5 = 0, we can solve the adjoint
equation for ®, and obtain Hin every computational cell.
The results are shown in Fig. 8.

A comparison of H with its finite difference counterpart
Hpp is provided in Fig. 9, where the absolute value of the
difference is shown. We can see that the results are in good

agreement. The definition of the i-th element of ﬁFD is

Hins = K(aJreeZ) fK(a)y (34)

where €; is the i-th unit vector, and e is a small value, cho-
sen as 107 in this example. ﬁFD can be interpreted as a
finite difference approximation of the design sensitivity. It is

simply the ratio between the change of objective functional
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6. Conclusion
In this research, material interpolation scheme and sensi-
tivity analysis method is developed for topology optimization

of rarefied gas flows. The main results are listed as follows.

1. Based on the DVM for rarefied gas flows, a mate-
rial interpolation scheme is proposed, which allows
parametrization of solid/fluid distribution in the de-
sign domain using a pseudo density. The proposed
scheme can be applied for any reflection boundary
condition, and does not impair the computational ef-
ficiency of standard DVM.

2. A discrete adjoint system is formulated based on func-
tional representation of the extended DVM algorithm
and the Lagrangian multiplier method. The adjoint
system can be numerically solved by transposing the

flux Jacobian.

3. The proposed interpolation scheme and sensitivity anal-

ysis method is validated by numerical examples.

The proposed method may serve as the basis for structural

optimization of rarefied gas flows.
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CONSIDERATION OF INTEGRAL EQUATIONS FOR THE FAST DIRECT SOLVER OF THE
TWO DIMENSIONAL HELMHOLTZ TRANSMISSION PROBLEMS WITH RELATIVELY HIGH
CONTRAST MATERIAL PARAMETER RATIO
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Yasuhiro MATSUMOTO

1) B TERFPAMEEERE > 2 — (T 152-8550 HEHHBERX KR IL 2-12-1-18-21, E-mail: matsumotoQgsic.titech.ac.jp)

We focused on the transmission problems of the 2D Helmholtz equations and investigated
the applicability of the fast direct solver of boundary element method when there is a high
contrast material parameter ratio between the interior and exterior domains. For this
study, we have proposed a modified version of the Burton-Miller integral equation, which
is expected to compute proxy-based interpolation with high accuracy since it has well-
suited arrangement of integral operators. A proposed fast direct solver outperforms the
conventional method in computational speed. However its numerical accuracy is inferior,
and the reasons behind it could not be provided in this study. Additionally, through our
numerical experiments, we have highlighted that there might not be any advantages in
utilizing the PMCWHT integral equation within the framework of fast direct solvers.

Key Words: Fast direct solver, Skeletonization, Proxy method, Boundary integral equa-

tion, Helmholtz equation
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From a intuitive perspective, exact boundary representation emerges as the most favorable approach
for topology optimization of structural systems based on the finite element method (FEM). Under
exact boundary representation, the material domain can be precisely defined, granting the flexibility
to impose arbitrary boundary conditions on newly generated boundaries throughout the optimization
process. This newfound capability is achieved through the recently introduced exact volume con-
straint method, which effectively addresses the convergence challenges associated with exact bound-
ary representation. However, one key consideration that has not yet been explored is the potential
nonlinearity of the reaction-diffusion equation governing the evolution of the level set function. Con-
sequently, the primary objective of this study is to expand upon the proposed topology optimization
methodology, which incorporates exact boundary representation, to account for nonlinear aspects of
the reaction-diffusion equation. Subsequently, we will conduct a comparative analysis of the results
obtained using various proportional constants denoted as K in relation to the level set function ¢.

Key Words: Exact boundary representation, Volume constraint, Topology optimization, Topolog-

ical derivative, Finite element method

1. Introduction

In the realm of modern manufacturing processes, structural topol-
ogy optimization has assumed a pivotal role, courtesy of the re-
lentless advancement in computer technology. The SIMP (Solid
Isotropic Material with Penalization) method, a well-entrenched ap-

proach in topology optimization a2

, employs density distribution
to interpolate material constants. In its numerical implementation,
a nonzero lower bound for Young’s modulus is prescribed to avert
singularities when solving the stress equilibrium equation. To miti-
gate the limitations stemming from the pronounced grayscale issues
inherent to the original SIMP method, Yamada et al. introduced
the level-set method, particularly one based on solving the Reac-
tion Diffusion Equation (RDE) 3. This approach has subsequently
gained traction as an appealing alternative for addressing a spectrum

of topology optimization challenges 4,5,6,7,8,10) Notably, topol-
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ogy optimizations involving updated body-fitted meshes ©.7-3) have
demonstrated success by adopting variations of the augmented La-
grangian method for volume-constrained problems. Nonetheless,
in the aforementioned studies, it remains essential to employ mesh
structures within the void domain, coupled with the imposition of
a nonzero lower bound, to circumvent singularity issues in solv-
ing the stress equilibrium equation. As we have demonstrated and
compared in the appendix of our recent work 10 this approach can
indeed achieve convergence, even when utilizing the conventional
(inexact) volume constraint method. This stability is attributed to
the presence of a nonzero lower bound within the void domain,
akin to the SIMP method, which serves to stabilize the optimization
process. In stark contrast to the prevailing body-fitted remeshing
paradigm, the attainment of exact boundary representation (where
no mesh is assigned within the void domain) has remained an elu-
sive goal. Additionally, it is worth noting that the widely adopted

topological derivative 12 for sensitivity analysis should ideally be



coupled with exact boundary representation, given its premise of
hole insertion rather than density distribution. The challenge of
achieving exact boundary representation likely stems from the adop-
tion of the conventional (inexact) volume constraint method (13,14,15)
In contrast, the recently proposed exact method for volume con-
straint !9 has enabled such convergence under the exact boundary
representation. However, in the prior work 10" the feasibility of
achieving exact boundary representation while considering a non-
linear RDE has yet to be investigated. On the other hand, there have
already been a handful of well-established works on RDE-based
topology optimization (L3 by applying conventional volume con-
straint methods. Therefore, the primary objective of this study is to
extend the proposed topology optimization methodology with exact
boundary representation to accommodate the nonlinear RDE, and
subsequently, compare the outcomes obtained with different pro-

portional constants K as a function of the level set function ¢.

2. Methodology

To perform the structural topology optimization, first we define
the level-set function ¢. The following level set function ¢ is in-
troduced to represent the material domain €2, the material boundary

O and the complementary void domain D\:

0<¢g(x) <1
o(x) =0
—1<¢(x) <0 forz € D\Q.

forx € Q,
forz € 09, ()

A characteristic function as defined below is necessary in perform-

ing the volume integration.

0 ifep <O,
X = H(¢) = @)
1 if¢>0.

The minimum compliance problem by considering the level set func-
tion ¢(x) € [—1,1] as a spatial function inside the design domain

can be formulated as follows:

inf F(¢) = (w), )

subject to a(u,v) = l(v), 4)

and G(¢) = / Xo d2 — Vieg < 0. 5)
D

The weak form of the governing equation reads

a(u,v) ;== / e(u) : C: e(v) dQ, (6)
Q

l(v) ::/ t-vdl. ™)
I'n

Here D is the design domain, Viq is the volume constraint, u is
the displacement, v is the virtual displacement, e(u) is the corre-
sponding total strain, C is the fourth-order elasticity tensor and the

vector t is the given external boundary load. Since the boundary

representation becomes exact, the same weak form is based on the

reconstructed material domain €2:

/s(u):(C:s(v)dQ:/ t-vdl. (8)

I'n

Once K depends on ¢, the nonlinear boundary value problem to

update the level set function is as follow.

% = K(¢)(-T +A+7V?¢) inD,

22 =0 on 9D\OI', ©))
=1 on Ol'y.

Here ¢ is the fictitious time, K (¢) is the coefficient of proportional-
ity, T is a regularization parameter for the fictitious interface energy,

and 7 stands for the topological derivative and can be expressed as:
T=—-0:P:e. (10)

The normalized topological derivative can be expressed as:

T =CoT,
[, o (1n
o= 3], e

The polarization tensor PP for the plane stress case can be found, for

example, in Lopes et al.:(1?)

1 1—-3v
P—m<2ﬂ—ml®l). (12)

Verification has been made by comparing the above topological
derivative with the corresponding result from the direct FEM cal-
culation. During the numerical implementation, it is the normalized
topological derivative 7 that has been used.

Our finite element analysis has been carried out by FreeFEM-++,(16:17)
and it is an open-source software package that requires formulating
the weak form of governing equation to carry out the finite element
simulation. As for the remeshing process, the open-source soft-
ware package Mmg has been employed. For illustration, the design
domain D, the material domain 2 and the void domain D\ are
shown in Fig. 1, alongside the geometry and boundary conditions.
2.1. The augmented Lagrangian method for volume-constrained
problems13: 14,15, 18)

For the nonlinear RDE, the Augmented Lagrangian for volume-
constrained problems, as referred as the conventional (inexact) method,

for the current step t,+1 = t + At, is formulated as:

1 .

v Qn"_TnGn lfGn 2 —dn
Moa =7 : " (13)
0 if G < 1
The positive scalar ¢ is the Lagrange multiplier for the inequality

constraint, r is the penalty parameter, and 7 is a normalization factor

introduced to stabilize the results of sensitivity analysis. It should be
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Fig.1: The schematic of 2D minimum compliance problems.
The
Young modulus is 70 GPa, and the Poisson ratio is 0.33. For
the level set function, g¢ =0ondD\I'yand¢p =1onTy

n

The magnitude of the boundary traction is 10 kPa.

noted that all above parameters are from the previous optimization

step tn:

Go= [ X(60) 82~ Vi, (14)
D

Only after knowing the current A1 (and hence ¢ +1) can all other
parameters be updated as follows to be used in the next optimization
step. Given the initial values of the two parameters and the constant
vyare g1 = 0,71 = 0.10or 0.2 and v = 1.025., they are updated in
the optimization process by:

gn+1 qn + TnmaX(Gn7 _qn/r”)7

15)

Tn+1 Yrn-

2.2. The exact volume constraint method!?

In contrast to the inexact method, our proposed exact volume

constraint method is virtually parameter-free. The pivotal idea of

the exact volume constraint method is to split the original RDE into

two terms by letting:
$=¢"+Ao. (16)

Once split, ¢* within the interval from ¢ to ¢ + At is governed by:

D = K(¢|:)(—=T +7V2¢*) inD,

9¢" on 9D\OT'n,

on \I'w a7
" =1 on dl'y,

[t = B¢

By subtracting Eq. (17) from the original RDE Eq. (9), after the

elimination of A, é satisfies the following initial boundary value
(10)

problem:
% = K(¢l)(1+7V2$) inD,
2 _ on OD\OT'y,
o AT (18)
¢=0 on Iy,
éle = 0.

Given that K (¢|+) remains unchanged from time ¢ to ¢ + At, the di-
vision of ¢ into two terms with their respective governing equations
remains unaffected. The volume constraint can then be viewed as

an implicit equation for A:

g(A) = /D Xo(A) 42 = Vieg = 0. (19)
For Eq. (19), Newton-Raphson iteration is needed to find AU,
In the beginning of the optimization loop, as required to calculate
the volume integration, a smoothed Heaviside function capable of
converging to the rigorous Heaviside function has been adopted.
Instead of an invariantly smoothed Heaviside function, a stepwise

one is adopted:

H(¢) = %tanh(k‘qﬁ) + (20)

1

2

In the numerical implementation, we simply let k = n? + 1 (¢ =
0.5) at the nth time step. Besides, all other conditions, such as
the use of the smoothed Heaviside function have been made identi-
cal in the comparison between the two volume constraint methods.
The flowchart to implement the topology optimization by updating
¢ without (Loop 1) and with (Loop 2) the reconstruction of the do-
main € is shown in Fig. 2. The level set function from using the
coarse mesh in Loop 1 has been interpolated onto the fine mesh in
Loop 2. The introduction of Loop 1 aims to reduce the remeshing
cost. For both loops, a convergence criterion below is adopted for ¢
(0.01 for loop 1 and 0.02 for loop 2):

|Blt+at — ellre < eg. @n
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Fig.2: Flowchart of the two-loop approach. For stress analysis, Loop 1 (left) adopts a fixed mesh, while Loop 2 (right) reconstructs
and remesh the material domain. The difference from ') is that the RDE for qAS needs to be solved per each optimization step.



3. Results and discussions

In this section, we will examine and discuss the results of topol-
ogy optimization, comparing the outcomes obtained through both
the inexact and the exact volume constraint methods introduced in
the preceding section. For all cases, the initial structure is a uni-

formly distributed characteristic function x.
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Fig. 3: Volume ratio by using the exact volume constraint
method for the center-load case considering three different

K(¢)

For the center-load case, as depicted in Fig. 3, the exact volume
constraint method consistently maintains the material volume ratio
within the design domain at precisely 0.4, meeting the specified rel-
ative error tolerance of 0.001 during Loop 1. It’s important to note

that the material volume ratio in Loop 1 includes a certain degree

o Loop 1

o Loop 2

0011 ¢

e
S

0.0105 §
&

1 50 100 150 200 250
Fictitious time step

(@) K(¢) =1

o Loop 1

o Loop 2

1 50 100 150 200 250
Fictitious time step

(b) K(¢) = 0.5+ cos(0.57¢)

0.013
€0.0125 2 o Loop 1
a 0.012 f° §3 o Loop2
8 im e
2 0.0115 8 u
= 5B %
e 0.011 ‘
S 0.0105 o
&
0.01

1 50 100 150 200 250
Fictitious time step

(c) K(¢) = 0.5+ sin(0.57¢)
Fig.4: Structural compliance by using the exact volume con-
straint method for the center-load case considering three dif-
ferent K (¢)

of grayscale, which neither represents material nor void. During
Loop 2, the grayscale is eliminated through material domain re-
construction and remeshing, resulting in an exact material volume
ratio. The remeshing process only marginally increases the actual
relative error tolerance compared to Loop 1. This demonstrates the
validity of our proposed exact volume constraint method for nonlin-
ear RDE, even though the governing equation for <£ must be solved
for each optimization step. Regarding the structural compliance in
Fig. 4, the initially low value before step 50 is attributed to the
significant grayscale presence. Among different K (¢) values, the

convergence is slowest when K = 1, while the other two converge
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Step 25

Step 50

Loop 2 ends Loop 1 ends

Fig. 5: Structural change during optimization by using the
exact volume constraint method for the center-load case con-
sidering three different K (¢)

at a similar rate. For the structural changes during optimization in
Fig. 5, when K = 1 and K(¢) = 0.5 + cos(0.5m¢), the struc-
ture at step 50 closely resembles the final converged structure in
Loop 1. However, the emergence of the structure is slowest when
using K (¢) = 0.5 + sin(0.5m¢). Comparing the final optimized
structures, the upper and lower triangular openings in the case of
K(¢) = 0.5 + sin(0.57¢) are noticeably wider than those in the
other two cases.

The lower-load case, as depicted in Fig. 6, demonstrates that
our proposed exact method for volume constraint is valid regard-
less of the boundary conditions. Regarding structural compliance
in Fig. 7, the initially low value before step 50 can be attributed to
the significant grayscale presence. Among the different K (¢) val-
ues, K (¢) = 0.5+ cos(0.57¢) results in faster convergence, while
K(¢) = 0.5 + sin(0.57¢) results in the slowest convergence.

In the context of structural changes during optimization in Fig.
8, both K = 1 and K(¢) = 0.5 + cos(0.57¢) lead to a struc-
ture at step 50 that closely resembles the final converged structure
in Loop 1. Conversely, the emergence of the structure is slowest
when using K(¢) = 0.5 + sin(0.57¢). When comparing the fi-
nal optimized structures, the upper triangular opening in the case of
K(¢) = 0.5 + sin(0.5m¢) is notably wider than in the other two
cases. Additionally, in Fig. 8, more holes are visible in the case of
K(¢) = 0.5+ sin(0.57¢).

The bridge-like case, as depicted in Fig. 9, once again demon-
strates that our proposed exact method for volume constraint is valid
regardless of the boundary condition. Regarding structural com-
pliance in Fig. 10, the initially low value before step 50 can be
attributed to the significant grayscale presence. Among different
K (¢) values, K(¢) = 0.5 + cos(0.5m¢) results in fastet conver-
gence, while K (¢) = 0.5 + sin(0.57¢) results in the slowest con-
vergence. When considering structural changes during optimization

in Fig. 11, the slowest emergence of the structure occurs when using

= 0.5+sin(0.57¢)

K (¢) = 0.5+sin(0.57¢), and its final optimization result slightly

differs from the other two.
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The results obtained using the conventional volume constraint
method, referred to as the *inexact method,” will be examined here-
after. The center-load case, as observed in Fig. 12, highlights
a problem with the inexact method for volume constraint during
Loop 2, where achieving convergence during the reconstruction and
remeshing of the material domain becomes challenging. In Loop 2,
both K(¢) = 0.5 4 cos(0.57¢) and K(¢) = 0.5 + sin(0.57¢)
exhibit significant fluctuations in both Fig. 12 and Fig. 13.

When considering structural changes during optimization in Fig.
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14, the slowest emergence of the structure occurs when using K (¢) =
0.5 + sin(0.5m¢), and regardless of the choice of K (¢) = 0.5 +
cos(0.57¢), convergence remains elusive during Loop 2. This dif-
ficulty in achieving convergence during Loop 2 is inherent to the
inexact method for volume constraint, as it operates as an explicit
forward time-stepping method and faces challenges when dealing
with void domains without mesh.

The lower-load case, as observed in Fig. 15, highlights a problem

with the inexact method for volume constraint during Loop 2, where
achieving convergence during the reconstruction and remeshing of
the material domain becomes challenging. In Loop 2, both K (¢) =
0.5+ cos(0.57¢) and K (¢p) = 0.5+sin(0.57¢) exhibit significant
fluctuations in both Fig. 15 and Fig. 13. When considering struc-
tural changes during optimization in Fig. 17, the slowest emergence
of the structure occurs when using K (¢) = 0.5 + sin(0.57¢), and
regardless of the choice of K (¢) = 0.5+ cos(0.5m¢), convergence
remains elusive during Loop 2.

The bridge-load case, as observed in Fig. 18, once again, shows
that the inexact method for volume constraint can be problematic
during Loop 2. In Loop 2, both K(¢) = 1 and K(¢) = 0.5 +
cos(0.5m¢) exhibit significant fluctuations in both Fig. 18 and Fig.
19. When considering structural changes during optimization in
Fig. 20, the slowest emergence of the structure occurs when using
K(¢) = 0.5+sin(0.57¢), and regardless of the choice of K (¢) =
0.54cos(0.57¢), convergence remains elusive during Loop 2. This
difficulty in achieving convergence during Loop 2 is inherent to the
inexact method for volume constraint, as it operates as an explicit
forward time-stepping method and faces challenges when dealing

with void domains without mesh.

4. Conclusions

In the context of topology optimization using the exact volume
constraint method, we conducted a more extensive investigation
considering nonlinear RDE. Our findings indicate that the exact vol-
ume constraint remains valid regardless of the choice of K (¢), and
the differences among different K (¢)) options are negligible. The
disparity between the FEM mesh used for stress equilibrium and
that employed for the reaction-diffusion equation (RDE) of the level
set function may be responsible for the convergence issue. As the
inexact volume constraint method operates similarly to an explicit
time-stepping scheme, instability accumulates within the optimiza-
tion loop. In this regard, the new exact volume constraint method
can stabilize the overall optimization process and is thus more likely

to achieve convergence.
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Fig. 8: Structural change by the exact volume constraint

method for the lower-load case.
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sidering three different K (¢)
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This paper presents a perturbation analysis of the excitation problem for an open domain.
As a fundamental study, it addresses wave scattering by a crack in a two-dimensional un-
bounded domain to avoid fictitious eigenfrequency issues, which are encountered in a
boundary integral equation. The modal amplitude is approximated using the perturba-
tion method, employing a Taylor expansion around the complex-valued eigenfrequency
for the open domain. The eigenfrequency problem for an open domain is solved using
boundary element and Sakurai-Sugiura methods. Several numerical results demonstrate

that the perturbation solutions evaluate the modal amplitude with real-valued frequency

excitation.
Key Words :
Element Method, Perturbation Method
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Fig. 2 Elastic wave scattering by a half-sine-shaped crack.
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This paper presents an OMP-based meshfree method for anti-plane wave analysis. The

developed meshfree method, OMP-MI{(s), uses not only fundamental solutions but also

plane waves as basis functions and can select adequate basis functions using OMP. We

applied this developed method to study plane wave scattering caused by interface debond-

ing at the interface of two elastic solids. Several numerical results show that OMP-Mf(s)

provides a good approximation of displacement wavefield for s = 2.
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TH23. 2D, —RINIGFEEFIZBATINCEIE SR,
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o EMFE T, HEBK OB T 2Hl#E% <,
FEARMBLLANC S B I H 2 R T 2RI TH-
THEEEBOBIRE AR ICEITTE S,
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Fig.1 Anti-plane wave scattering by an interface debonding

on the interface of elastic halfspaces.
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WD DR WIRD, 1 DDHEICEDIRLENS T ERZFE
R U THRABRNEZEH TS, 77, FUSYXFILEB T
TERZIFIZ1,2% 2D T35,

2. BIRFE
2.1. MR ITIHEE

AFHSC TR, Fig LIRS & 5 7% 2 D QMR FREHICFTE
T 2 B & B EANEE O BELRTEIC oW TE 2 5. [
WBWT, BITHERV, (p=1,2) ZWIhd PEEHFERE L,
S CHBERBEEMEA Y T 5. 7, Zho otk R
| (BE5) &S e L, @edhsy S b HHESRsY S1 (= S uSy)
ko THRENS. %72, 0P (= (WP nlP) Tz, B,
WX 2R OB A E BB PLTH B, L,
()TEATH - X7 P A OEREERT. MR T, () ZHELRHT
KB ZHMEY, () IFEELRRITIC B 2 RAEE R T
BELIEAT I B 1) 2 AR FIEB e U, ASTBIIBERIHIC &
FhrdbDT 5.

IRV, (p=1,2) LT, FREEERCB) 255
MR OEB HREAE, ik iEEeeRET S, XXT
RExN3.

(:upaﬁaﬁ + pr2) il (x)=0 1)

z iz, alPl(x) 3R V, ONLE x (= [v1,22)") (BT B 1
ATENL, w i EARARRERS. £, 05 = 0/0zs TH
D, pp, pp FTEINV, ZHERKT 2 MR DB E & & A Wk
REERT. X512, BERAEDETOFERE2HVIUE, @A
FZENE alP) () AT O BRR 2 7= 5.

W) = i) + A (x); x€VUS (2)
FRICBY 2 RENIX, XA TER 3.

#(x) = TPl (x); x € S 3)

zZwi, THRREAEAETHD, XAXTLHER LS.
T = ()05 (4)

g, T

Fig.1 129 2 DO HEARO FE BT 5 557
BRI, UT

DEICHETSE. HER2ED So BT BHR
DOREHAWVWS.

AN

it (x) = @*)(x); x € So (5)
M(x) = P (x); x € So (6)
—75, HEEEY S1 BT BEREME, XRXEA WS,
M(x)=0; xe S (7)
l(x) =0; x e S (8)

2.2. EAUBORR A AERX
RESCTIE, RV, o813 32060 aP() 2 XA TE
B3 5.

Na
a0 = ) + 3 () (9)
k=1

iz, aP () BARFIEOECH W 2 KK, & 130E
W E£T. 7, BERICBTEREAN PO, R @),
(9 ZHVWTUTD XS ICRHT 3.

Nqg
l(x) = () + > 0P (x)E) (10)
k=1
z g,
b (x) = T () (1)

Ths. KT, BREEK () v LT, EAMREL FH
WrEZL., BARUP (x,y) &, XRTH5Z 6N 3.

~ i
07 y) = 3 -Hy" (k') (12)
P
T2, x BB, yRBESRERL, r=|x—y| Td53.

F 7, KPRV, B0 3 EANEB OB, HY 1 n X
D 1 Hankel B2 XL, i=v—-1TH3%. —F4, F@H
B UPWVIP(x, p) BARTEZHZ 3.

grwWiel (x,p) = exp {ik[ff] (p,x)] (13)

I, () B PO, p X FHEHKEOETHEANRS

ML ERT.

R TIE, BWHAORBTHZ2HER S LITE L x; (=
[m;l,xi;z]T; i=1,2,---,N,) ZHEEL, Z0O&ESETHER
GUERIRT 2 X5 WEBURM &Y 2IET 2. 2oL X,
R NEREHERE, UTO XS CREHATE 3.

Dé=h (14)

I, DeCMVN ¢g¢eCV, heCMTthh, KFHics
W BIENTTIE, M =2N,, N=2N, TH3. & (14) IcBW
T, RARZ e oimiE, XATEZONS.

@) =&, (15)
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(&) Nyt =G (16)

77U, k=1,2,--- N, TH5%. BHINRZ b h DI,
LTo@BhTH53.

~ —gu (XZ) + a2 (Xl) 1 x; € So
(B)={ " ()
7t[1](xi) X € S;
_ — () — (%) :xs € So
(Bweri={ (18)
—t[2] (Xz) X € S;L

7=72L, i=1,2,-- N, TH 3. X512, BEITH D DR
JE, LT Xksic5z26n3.

Ll] (X-L) 1 x; € Sp

(D)i = { (19)

Q

() :xi€ Sy

~[2]
N —a; (x;) :X; €8S
TSIV ° (20)
0 I X; € Sl_
- il X;) :X; €8
T L ’ (21)
0 1 X; € Sl+
(]’j)NIJrZ”NaJrk = BECQ] (Xl) :x; € So U S;_ (22)

7L, i=12-- ,N.BXUOEk=12---,N, THD
()ix WFATHND (i, k) R ZERT.
2.3. OMP (BEXTvF>JiBH)

AT, R (14) WRTHEHERORMIZ OMP %
AW3. OMP TIE, s A5 y=AxIZHLT, UF
WRd 10 R R R R L

minimize ||x|lo subject to y = Ax (23)

T, | o IOEE A LERL, ZOMIENRET S
N7 MV OIEE v S OBEENHIET 5. OMP T, HUF
WRTHHAEE VT, KX (23) 2L DICKEFERHE
755%.

x[0]=0, r0]=y, S-1=0, k=0 (24)
I, 0IFFBERTZ ML, S IBRER Ty 7 TERL 727
N7 ML (BHEXRZ ML) OBREZLET 22004 T v

I AEEERRT. OMP X2 REMBOFETIE, X (24) %
b iz, IFIoRs U EHICETT 5.

i|k| := ar maxM
(K] : g1 tar, ) (25)
Sy =Sr_1 U {Z[k]} (26)
x[k] := [A5, As,] Ay (27)
x[k+1]:= > :[kles (28)
€Sk
rlk+ 1=y — Y Zkla; (29)
i€ESK
k=k+1 (30)

22T, a @FTHADIHBEDHRS VLTH DB, Tz,
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7oA YT 7 ADHIRT FILDAEKMU 4152 E£T.
2T, e 3 i FEHORDICOAMEZROFRERELRT.
) IR Trk+1]1X, k+1HHOKEHEICB T 2HRE
N7 MAVTH 3. B, R (27) BT 2 HITH O EICIE,
FREDREFAVS. K (25)-(30) IR KEFEIE, DT
DTEEOVTOI 1 ONMEZIN S ETHDIKRLFET
g5.

[r[k + 1][]2 < eomp (31)
Smin [k'] < €SVD (32)
k=M (33)
T, |2 &P VA, Smin(k) EATHI As, DB/NFER

fExRT. 2720, ZoRTREDHERZX (30) DFtHEDOHK
WHEITENS. OMPIZBIF 2 RIEFHHI k= N* 2B\ T
MTEMZHE L2 &, EOGRENE, BXE, UTo kS
WWRHTE 3.

& = x[N"] (34)

K (34) TEZBNBRZ b e DIEY oy DK N* T
HY, BEALEERZ bLOBE MEAUTERS. A
T, OMPTWE N > M (HIRE) L LTEHERZETTSZ
CHARETH D, ZOGHHIFEENRT L OBEEEIRD A EE
B,

K (23) WRTED, OMP BT % HIVBEEZ 1° Ll
NALTHD, HEXRZ FLa; (THADFIRT bv) iR
B AT L DHEENRT L rk] DBEBROATHRERET 5.
ZD7®, OMP T, AEIEICEIT 2 HIEB O AR E
%, FAMLIBF 2 ERHL AT X=X DR ENAETH 5.
F7, OMP I TH A BT V5 v 7 THEHEK M B O
RIETHIBLNE. XHIZEZIE, OMP 3EMIETH 3
bDD, ML AT Ly =Ax XT3 A= A RBLFET
E, REREBRA Ty 7 TRDENZ Z e AL T
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2.4. OMP IZED< Xy>a7 ) —BIEIRFE

AF T, RFHXTHWS OMP IZHDIL Xy a7y —
BIRATFIE T H % OMP-MFS, OMP-Mf(s) I22WTaLH T
%. OMP-MFS & OMP 12 & % IR sUB R Z AR AT MFS
THDH, OMP-Mf(s) & DB D722 V3. OMP-Mf(s)
&, RLTHEEZITRMBMFIETH S, ZOMIFIET
3, BIEBEBICEARE r FHIE OM A 2 Vv, OMP % Wi
ERRBRORE R s BFSICH I CTEITT 3. 2L, s=1,2
L, 2ROV T OMP-MFS (Z#2 ) THAT 5.

fEHT FIEOFHHDRTIC, MFS DL D L5 & OMP-Mf(s) D
MEMFICOWTHHT 2. KX THIET 2 M FikiZ
MFS 2#fr L TWw3. MFS IZf#ERIcaESh, BAE
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i (x) = 1" (x) (36)
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a (x) = U™ (x,y") (39)
b (x) = T (x, y[) (40)
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il (x) = @M (x) (41)
al(x) =0 (42)
M (x) = "M (x) (43)
1 (x)=0 (44)

D% b, MAHEAFHBEOA L 5. £, HEREBIZRK
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af) (x) = U7 (x, ) (45)
al) (%) = U7V (x, pif) (46)
b (x) = T (x, y ) (47)
o) L (x) = T7VI (x, pl") (48)
7L, k=12-- N, BXU®l=12--,N, THD,

No=Ny+ N, 725, BEBEEIIEARR L FHBEICE>T
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B (OFHBEMmIE) RT3 72000 BUREE 1 B
PECTIRETS 5.
2.4.3. OMP-Mf(2)

OMP-Mf(2) i, OMP-Mf(1) ¥ [FIBkic 5 JERIBOC BaA g
FEEOWM A ZH WS, 272U, IURBOFEI 2 BRST

EITT 5. LTI, #s BEICET 2 mHEEE (OO %
MITEAIT 5. H1 BB, BAEZUToREH WS

i () = "M (x) (49)
[](1>( )=0 (50)
W (x) = il (x) (51)
20 (x) =0 (52)
7, REEBE, FHEEAVWTRRTEZ 3.
@' (x) = U7V (x, pi") (53)
b () = T (x, Bl (54)
77U, k=12 N, ThHbH, NP =N, %3. %1

BT, PEIBCHE T 2R AN e 5. 20
DI EBREM DB ENLETH D, BRI HIBET
S BV THEREMEER (7), (8) 253 (5), (6) ICiE =
2T, ERUEE AP ke 5.

B2RMETIER, BMEELTORTERS.

N

x) + Z [1](1) (1) (55)

Nm

+ Z a[2](1) (1) (56)

Nm

+Zb“) i (57)

Nm

+Zb“> pew (58)

¥/, AEBERIE, EAREHCTRATER 3.
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@ () = GO
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7212 () = 72O (x
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BT ERI D » HFER T O 2 E BT 5720, RREMSE
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e 72 28 (RSHE - BB 13 FHEE D A TRIATRE
TH?2. 20D, 1B TIEXFHEHEO A EZEBEHE L
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D X512, OMP-Mf(s) DEEFER s &, KB L 2 WIKERG D
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B8, ARIEFHFE TREAIN D XN E KK - BRI EEA
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Fig.2 Analytical model.
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L, REICBT 2 HERTOE X 20 ¥ Uiz, BATHEER
BT 3 IR OMBERIZ, BEEZpp=p=12L,
TAMHMEREEZ 1 =1, pe =025 & L. 72, ARIK
BEIw=r2llk REZHORREIF, #HRAVI B
G RMEAEBIOEE A\ L OGRS N =20 28D K5
EL. AFHETH 2 FHEORIEZw=12L, Z0i
TAMEE ™ = 0.25m (0™ = 0.625m) ¥ L7z, 72721, ¢ B
FODMEDERD A, Fig2 lIR_Ti@D & L7k

REWL TR WS Xy a7 ) —BFEFFEREROEHICBL
T, BRx ERE LD x,1 € (—10a,10a) % 7= 3 H#iHHIZ,
FHERRICHE L. A OMEBIE N, =200 & L. SELUR
DEHICBWT, EABOES yP 3xRTH 2.

Pl _ o, 0 1y 0 (.
Y = ]+{ Ao }*( 1) (1 1){ Ay },

k=(0-1)N.+j (61)

L, l=12- N BXUj=12-,N,Th5?.
ZorE, FEOMBMEBUX N, = NN, 72 3%. KX T,
N =20, Ayo = Ay =01 L7, X (61) ZHVTFEL
IRy B X O x OREI, Fig3 KRTEDTH
3. %7, EPRORBICBWT, FHEHEOHETHHEARZ b
AplP BRRTE R 7.

[p]

0] cos 0,
pl? = i k=1,2,---,N 62
g { sin 9,[37 ] } ! (62)

7=rEL,
07 =0l + (k —1)A0% (63)
[p] [p]
Pl _ Omax — emin

e A (64)

r1/a

Fig. 3 The location of source points y,[f I and collocation
points x;.

Table 1 The number of equations and unknowns

M N
OMP-MFS 400 8000
OMP-Mf(1) 400 16000

OMP-Mf(2) stagel 400 8000
OMP-Mf(2) stage2 400 8000

¥ L7 KFX TR, BT FLO@EE N, = 20N,
L7 7, EITARARY MLEEZ ZHEOHFIL,
01 ol = (1.5, 27), (02, 6%.) = (0,0.57) ¥ L. &
B, Table 1 IKEHMHFIRCBI 2 EROK M 2 RARE
OB NOBBREZELD 2. WTROMBHFEIBWTD,
LREREER D PoTWE Z IR TE 5. MAT, R
(31), (32) IR OMP DR TEMFITEETN D87 X —&I3,
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3.2. MBITFER
3.2.1. REICHITIENMN-KEAN
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W& BRI A, BEMIC X 2@z SRy UTH
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EREENDH, T Tz € [—80a,80a) DHIPFICHIFRE
FEEBBET LT, TOFELAREREDED RV, &
B, BRES TEXOBBILICE—EERE AV

Fig.d 3 X O Fig.5 12, T Vi ICH§ 255 B T 2 Z A
BLUERENETRT. Figd WRTEMOFHEERTIE,
PR CEIDTPICER 2D OOMA%E L WHEBE
bz, ¥, Figh ORI RENOFHAEMSETIE, HR ST
KBWTRHENPELR R ZEEDT, SHANMFEDIMIM
Rl —2 L .

Fig.6 B & U Fig.7 1, S Vo 15 2 B 2 EMB
FURMNZETRT. ZHNOLORNITRITHERD, Figd BX U
Fig.5 \ R THEHR & FARRIC, SRR K-> TR O 2B
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Fig. 4 Displacement distribution on the boundary of do-
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EENFATFAT AWV 0N A A A
= NN JENE NS NS N
o i V A
-2
~10 -5 0 5 10
z1/a
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Fig. 6 Displacement distribution on the boundary of do-

main V;. main V5.
6 T T 8 T
4 BEM —— OMPMf1) —— | o BEM —— OMPMf(1) —— |
= o OMP-MFS OMP-M((2) = 4 OMP-MFS OMP-M((2)
SN N N A N 7\ S
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Fig.5 Traction distribution on the boundary of domain V;

(to = pruo/a).

DR L T2 Z e DRI N, BITSRFICOR L 728
D, OMP-MFS, OMP-Mf(s) &, #mix; % z;,1 € (—10a, 10a)
DOHEPNICHE L TW5. AEIRLUERD S, BFEDF
HTIX, OMP-MFS, OMP-Mf(s) IZB W TE M FELE T % &
GEROBEZITHYI 28 M) 12X 3 BIFTEFITHERL
W DR E M.
3.2.2. OMP-Mf(s) IZ &k AR DIER

IRV, DEM A HDLERD 5, OMP-Mf(s) IZ k> THS
NZELRDMEMIC OV TR T 5. ik, OMP-Mf(s)
¥ OMP-MFS 2 ko CRtEE A ZNMD#E (MUT, %
FEMER) ZHAWVS. NS e LT OMP-MFS % v 3
FHIX, OMP-Mf(s) 12 & 23 LE e FAROREAZ HVL TV
327:TH5. Fig.81Z, OMP-Mf(1) £ OMP-MFS ® £ i
ENDOETERT. ARICBWT, ZAEDIFZHERV, KK
DML TEY, ZDfEIXFigd B & Fig6 IR L72ER
EOEME L THEATERVEEDOREX BT, %
7, RAMMEEO DD 5, ZOEMAEMIPEE (REHH,
FEiEE) OBLEEAECERT b0 EZILNS.

Fig.9 12, OMP-Mf(2) ¥ OMP-MFS D Z 745 DK%
AT, AR AR &, OMP-M{(2) Tl OMP-MF(1)
OEE L IR U TEMZES D HIIN/NE {722 2 & AR X

Fig.7 Traction distribution on the boundary of domain V,

(to = pruo/a).

N7z, AMBUEREBNEE D x = [~10a, 10a]" DEFHIZB VT,
BN ED MK E L Ieote. BN O FNHE D57
i s, ZOEMAESITOWTDH OMP-Mf(1) ¥ Fkic, F
M OELERECERN L TELTWS e EZLNS. DM
X DEMICHANRS 20, RETTIEBARFIRICEIT LK
BOBIRIEMICOWTHAT 5.

3.2.3. OMP-Mf(s) ICH T3 EEBHOZEREHD

OMP-Mf(s) IZBWTHEIR X N7z HEBEBOMHEIZDOWT
EET 5. Table 212, BFENMFHEICB VT OMPIZ ko TiE
Ran-BEEMBOEEEE D 3. ZoRCBWT, NP
RV, BT 2 EAMROMER, NP BV, BT 2T
OB ERT. DMK 6, OMP-MFS & OMP-M{(2)
TlX, SHEIBICBI2ERBOEBLEFEL Rotz. %z,
OMP-Mf(1) & OMP-Mf(2) Ti&, MRIICH W 3 FEHEED
TEEPREL BRoTWE ZEDPHERTE 3.

Fig.10 12, OMP-Mf(s) I8 W\ TER X N7z F i O HEST
ARz b pPl meBen T AMOME Y, Th
WSS 2R R o EE RS RIKNCE, MR
D7z RAHER B K CBRFROED HHLETRLTVWS.
N5 O RFHRE - EBRBREE, OMP-MFS 128\ TR
ael () BB 0P () OFEICHAWTWE D, Th
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Fig. 8 The real part of displacement difference between
OMP-Mf(1) and OMP-MFS.
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Fig. 9 The real part of displacement difference between
OMP-Mf(2) and OMP-MFS.
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Fig. 11 The location of the source points and the corre-

sponding approximation coefficients (OMP-MFS).
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VEHICLE PLATOON SIMULATION TURINIG RIGHT AT INTERSECTION

ACCORDING TO MULTIPLE LEADER VEHICLE-FOLLOWING MODEL
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Vehicle Platoon is the method of platooning the vehicles with a short vehicle-to-vehicle

distance. It is effective to increase the traffic amount safely without constructing new

roads. In the previous study, the mathematical model for controlling the vehicle velocity

was defined by the car-following model.

A theoretical study revealed that each vehicle

in a platoon could control its velocity from the information of only the nearest frontal

vehicle and the lead vehicle of the platoon. When a platoon turns left at a corner, the

lead vehicle in the platoon changes in order, so the following vehicles must change the lead

vehicle they should refer to. In this study, model parameters are determined by numerical

simulation and then, their validity is discussed through experiments.

Key Words: Car-Following Model, Vehicle Platoon, Simulation, Experiment
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This paper proposes a fast numerical method to calculate the so-called topological skeleton

of two-dimensional objects. The proposed method is based on a generalised double-layer

potential that provides a smoothed singed distance field for an object given in a surface

format and is thus considered CAD-friendly. To efficiently evaluate the skeleton, we here

incorporate the H-matrix method to calculate the potential. Numerical experiments show

that, although sometimes the H-matrix method might become unstable, the skeleton can

be calculated with sufficient accuracy within acceptable computational time in many

practical cases.

Key Words: Generalised Layer Potential, Topological Skeleton, H-matrix method, Ge-

ometric Feature Extraction, Image Processing

1. Introduction

Topology optimisation (1,2) has long been studied in aca-
demic and industrial communities. Beyond its original aim
in the field of structural mechanics to provide light and stiff
mechanical members, it is now applied to a variety of en-
gineering fields such as acoustics 8 4), fluid dynamics (5),
electromagnetics (6), etc. Some emergence of useful commer-
cial CAE software equipped with the topology optimisation
capability (M has also helped enhance its practical use in
product developments in engineering industries. The scope
of the topology optimisation application remains, however,
limited to the conceptual design phase in most industries.
Some trial and error modifications on topology-optimised
design are still necessary before finalising the detailed de-
sign. This is partly because the current topology optimisa-
tion technologies may not provide a print-ready design that
is manufacturable as is. For example, the topology optimisa-
tion maximising the stiffness sometimes gives a geometrically
complicated design that includes extremely thin members.
In such a case, the members need to be fleshed out to give
a durable engineering product. In order for topology op-
timisation to truly revolutionise product development, the
print-ready design needs to be addressed.

Some effort on this aspect has already been made by some
researchers. The so-called overhang constraints for 3D print-

ing and thickness control are especially addressed by many

15 Oct. 2023 received, 2 Nov. 2023 accept

researchers, see e.g. (8,9, 10) fop early contributions. It
may, however, be more convenient to handle various geo-
metrical constraints (such as the overhang and closed cav-
ity exclusion constraints for 3D printing, die-cutting capa-
bilities, minimum or maximum local thickness constraints,
etc) in a unified manner than to develop a separate method
for each possible constraint. Some studies in this direction
are found in literature including Allaire et al (1 and Ya-
mada et al (1213, 14,15, 16), the latter of which is particu-
larly remarkable. All of these perform the topology optimi-
sation while controlling the geometric feature. The Yamada
method uses partial-differential equations (PDEs) whose so-
lutions extend the normal vector field. Various geometric
features can then be extracted from the field.

The normal vector extension can also be characterised as
the gradient of the signed distance field. Various numeri-
cal methods for calculating the distance function have been
studied for a long time, mainly in the field of image pro-
cessing. Typical ones include those solving the eikonal equa-
tion (17 18), some other PDEs (19), and variational prob-

lems (20).

All of these methods require recognising the tar-
get objects as images or characteristic functions and thus are
essentially domain-based methods. On the other hand, espe-
cially in the three-dimensional case, the shape data is often
given as surface data such as in the STL format. It may
thus be preferable to use a method that converts the input

surface data directly to the corresponding signed distance
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field. For this purpose, some researchers used a kind of layer
potential to calculate the signed distance (21, 22) Belyaev et
al proposed the signed L,-distance field based on the gener-
alised double-layer potential and established a methodology
to calculate a highly accurate smoothed approximation for
the signed distance function.

This paper extends the double-layer potential method (22)
in two ways. One is to calculate the topological skeleton,
which is one of the typical geometric features of an object.
The other is an acceleration of the method. Belyaev et al
proposed a method to naively calculate the potential. The
original method thus requires O(M N) arithmetic operations
to evaluate the potential at M field points for an object
whose surface is characterised by N segments. This study
combines the H-matrix method to accelerate the computa-

tion.

2. Formulations
2.1. Point in polygon and the double-layer potential
We first see that the double-layer potential for the Laplace
equation with constant density is somehow related to a ge-
ometric feature of a given object. Here, we consider two-
dimensional cases. As an example, let us consider an N-
sided polygon Q (Fig. 1). The surface of Q is oriented, and
its outward normal on the surface is denoted as n. The 5"

edge of the polygon is denoted as s; for j =1, ---, N. In

point Ae%

Fig.1 Given 2D object € (a polygon in this ex-
ample) and points A and B.

order to check if a given point = € R? is inside or outside €,

we may use the following sum of the steradian:

N
po(e) =305 (a), 1)

where 0;(z) is the steradian of s; from the point z. ¢o(z)
returns the value of 27 if z is located in the polygon, and
0 if outside. It is easy to see that €; is nothing but the fol-
lowing double-layer potential of the two-dimensional Laplace
equation with the constant density of 1:
—z)-n
0,(z) = /yesj 7% = ;‘2 ds. (2)
The double-layer potential

wds (3)
oa lz—yl

thus gives the characteristic function of the domain 2.
2.2. Generalised double-layer potential and the singed
L,-distance field
Now, our goal is to generalise the double-layer potential
(3) to provide an approximation of the signed-distance func-
tion defined as
d(z,00) x€Q
U(x) := , (4)
—d(z,000) z¢Q
with d(z,0) := minyecaa |z — y|. To this end, Belyaev et
al proposed the L,-distance field, which is briefly reviewed
in this section. The detailed and mathematically rigorous
discussion can be found in the original paper (22), To derive
the L,-distance field, the following generalised double-layer
potential (with unit density) is first introduced:

el = [ s ®

where p is a positive integer. By introducing an appropriate
coordinate system, in the case of z € €2, the asymptotic

behaviour of ¢, as p — oo reads

yeoN

with the help of the Laplace method, provided that y is
twice differentiable with respect to 6. In (6), 6 represents
the argument of z — y. Note that, in the case of z ¢ Q,
the mid-equation in (6) needs to be adjusted, but the final
expression is valid also for this case. The p'" root of the
reciprocal of the generalised double-layer potential (5) thus
approaches the distance function as p — oco. With some

more careful observation, one may find that

,(a) = (- )‘1” ™)

wp(T)

with the following sequence:

+1
co =T, €1 =2, Cpp2 = bcp (8)
gives
1
U, (z) = d(z,00) + O (5) (9)

as p — oo, which has a better convergence than (1 /¢, (x))'/?
to the distance function.

To augment the distance function (9) by the =+ sign to
obtain the signed distance field (4), we may use the “point
in polygon” algorithm presented in Section 2.1.

In evaluating the signed L,-distance field, it is essentially
important to accurately evaluate the generalised double-layer

potential (5). Note that, since its integrand can be nearly
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singular when x € 2 is close to the boundary 052, naive nu-
merical quadratures cannot be used to evaluate the poten-
tial. Instead, we here derive the analytical expression for the
boundary integral (5). It suffices to consider the following

potential generated by an oriented line segment:

r dé
/o FEOR (10)

at a given point x € 2, where +y is the steradian at x of the
segment, and y is a point on the segment and is a function
of 6. It can easily be found that, when p is odd, the integral

(10) can be expressed as

& 4 1 1 i
— ] 27—1
pan-1(z) = ZZ (ab)i—1 (a2n+lfj + b2n+1fj> t
i=1j=1
(11)

for p = 2n — 1, where t is defined as ¢ := tan(vy/2), a (resp.

b) is the distance between z and the starting (resp. end-
ing) point of the target line segment, and C7; € Q is the
coefficient. In our implementation, the coefficients C" €
R™*™ (for n = 1,2,---) are precomputed by Maple. C®, for

example, is given as

/5 1/5 1/5 1/5 1/5

2/15  2/5 3/5 11/15 4/5
C°=12/35 2/7 23/35 1 6/5]. (12)

1/70 1/10 11/35 3/5 4/5

1/630 1/70 2/35 2/15 1/5

To illustrate the singed L,-distance fields, we here calcu-
late ¥, (z) for a unit circle. Fig. 2 shows Us(z), ¥is(z),
and Was(z) for {z | —2 < @1 < 2, 2 = 0} as well as the
exact signed distance function ¥(z) = 1 — |z1]. For the
computation, the surface of the circle is approximated by
an inscribed polygon of it with 2000 edges, and the signed
L,-distance fields are evaluated at 500 points of equal inter-

vals on the given line. From the figure, one finds that ¥,

1L : . ‘ ‘I’S‘ 4
Wiy

o
o
T
Il

signed distance
o
T
Il

Fig.2 Signed L,-distance field for a unit circle.

approaches the exact signed distance ¥ as p becomes large.
Although a relatively large difference between ¥, and ¥ is

observed away from the boundary |z1| = 1, ¥, agrees well

with ¥ even when p is small in the vicinity of the boundary.
To see the convergence, we also show the relative ¢;-error of
¥, on the 500 points against the exact signed distance vs
p in Fig. 3. As expected from the estimate (9), the relative

error scales with 1/p.

" Relativé errbr A
O(1/p) — 1
01
2
b5
[
=
=}
[}
K]
% 0.01
0.001 i
1 10

Fig.3 Relative error of ¥, against the exact

signed distance vs p.

2.3. Skeleton computation

One may observe from Fig. 2 that the signed L,-distance
field is smoothened at the centre of the circle 1 = 0 at which
the gradient of U does not exist. We may thus evaluate
the gradient of ¥, everywhere. Since ¥, approximates the
signed distance, it is expected that |V¥,| = 1 holds™ except
where V¥ does not exist. Indeed, Fig 4 showing 1 — |[V¥,|
vs x1 for the unit circle case indicates that |V¥,| ~ 1 holds

except in the vicinity of 1 = 0. On the other hand, it is

1.2 :

T T
1= V5| —
1k F e [V 5| —— A

Fig.4 1— |V¥,| for a unit circle.

known that the set of points where V¥ does not exist cor-
responds to the topological skeleton that is defined as a set
of points x such that there exist at least 2 points y satisfy-
ing minyeso |z — y|. It is thus inferred that the topological
skeleton can be recovered as e.g. {z | 1 — |VU¥p(z)| > €},
where € is a given positive parameter. Note that there exist

several definitions of the skeleton. See e.g. Allaire et al an

*Recall that the gradient of the signed distance field on the

boundary agrees with the unit outward normal.
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and the references therein for other definitions and further
discussions.

Note also that we may use the automatic differentiation to
evaluate the gradient of the signed L,-distance. In our im-
plementation, we used a Fortran 95 library for the automatic
differentiation of the forward mode 23 for this purpose.
2.4. H-matrix-based acceleration

Evaluating the signed L,-distance field (7) and its gradi-
ent (for skeleton computation) with the generalised double-
layer potential (5) at M field points for a given N-sided
polygon requires O(M N) arithmetic operations. Since this
computation can be viewed as matrix-vector multiplication
of an RM*N matrix and R vector of ones, and the matrix
has a hierarchical block structure with rank-deficient blocks,
we may use the H-matrix method 24) or the fast-multipole
method (23 to accelerate this computation. We here adopt
the former one for its simple implementation. In the stan-
dard H-matrix method, the target matrix is hierarchically
subdivided into subblocks in a binary tree format until its
row and column size is less than a given parameter nmin.
The submatrix of the target matrix is then low-rank ap-
proximated if the submatrix satisfies the following so-called

admissible condition:
min{diam(¢), diam(s)} < ndist(t, s), (13)

where t and s respectively denote the subset of the field
points and the boundary elements, diam(a) indicates the size
of the bounding box of a, and dist(s, t) the distance between
t and s, and 7 > 0 is a parameter. Using larger  means that
more submatrices shall be low-rank approximated. Note that
the larger p brings the more severe singularity in the double-
layer potential (5). The smaller 7 in (13) would, therefore, be
necessary for the larger p. Also note that the sole use of the
admissible condition (13) often ends up with a small number
(say 4 or 8) of huge subblocks to be low-rank approximated,
which may degrade the parallel computing performance. To
avoid such a situation, we augment the admissible condition

by the following ones:
[t| < nmax and |s| < Nmax, (14)

where Nmax > Nmin 1S a given parameter, and |a| is the num-
ber of elements in a.
For the low-rank approximation, we use the standard adap-

tive cross approximation (ACA).

3. Numerical experiments
3.1. Demonstration

We first demonstrate an illustrative numerical example of
extracting the topological skeleton of a given 2D object with

complicated geometry. Fig. 5 (a) shows the given object.

Here, the boundary data similar to the STL one (or the
boundary element mesh) of the black object is given as the
input. The surface of the object is parameterised by 37999
line segments. For this example, we calculated the signed
L,-distance field (7) for p = 15 at the 120000 (= 300 x 400)
lattice points distributed in {z | |x1] < 0.75, |z2| < 1.00} by
the proposed method accelerated by the H-matrix method.
The parameters for the H-matrix method is empirically set
as Mmin = 64, Nmax = 1024, n = 0.516, caca = 1074,
where eaca is the given tolerance for the adaptive cross ap-
proximation. Fig. 5 (b), (c), and (d) show W15, VU35, and
1—|VUys5], respectively. From the figure, we may confirm at
least qualitatively that we can extract the geometric features

of the given object. We then discuss the timing. The elapsed

; (a)‘ : (b) Uy
08 - - 0.8 0.4
06 - 0.6
04 B 0.4 0.2
02 - 0.2

Ty O 4 Z2 0 0

0.2 - - -0.2
-04 B -0.4 -0.2
-06 - - -0.6
-08 - - -0.8 -0.4

-1 Lo -1

08 06 04 02 0 02 04 06 08 08 06 04 02 0 02 04 06 08

x1 Ty

© Vs~ (d) 1 Vs
i T

Ty 0

—
Al .
.. . . -08 -06 04 -02 0 02 04 06 08
T x

Fig.5 (a) Given 2D object, (b) signed L,-
distance field of 15" degree, (c) its gra-
dient, and (d) the skeleton recovered by
1— V5| > 0.2.

time to compute V5 and its gradient was 462 sec with the
H-matrix method, while 830 sec without it. The computa-
tion was carried out on a desktop PC with Xeon Platinum
8360Y (36 cores and 72 threads). We may, therefore, con-
clude that the proposed method does accelerate the Belyaev
method (#2) by the H-matrix method.
3.2. Validation

In this subsection, to quantitatively evaluate the perfor-
mance of the proposed method, we show the test results
for a simple geometry. As a test object, we here use a

rectangular-shaped object {z | |z1| < 0.75, |z2| < 0.15} and
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evaluate the singed L,-distance fields at the equally spaced
40000 (= 200 x 200) points allocated in {x | |z1,2| < 1.00}.

Nmin = 64 and nmax = 1024 are again used for this example.

The other parameters for the H-matrix method are empir-
ically set as n = 2/p'/* eaca = min(107%, 0.1v7). We

1

v, w/ JH-nmtrix method ——

U, w/o H-matrix method ——
.
S
t %
9]
20T ]
S
©
K7}
24
0.01 N = 7024 i
1 10 100
p
10 ;
U, w/ H-matrix method ——
U, w/o H-matrix method ——
e 1 =
S
= \
9]
149
2 "
& N
2 o1l N 4
0.01 N = 28804 i L
10 100
p

Fig.6 Relative error in signed L,-distance and
its gradient to the exact ones for the case
of N = 7024 boundary elements (top) and
N = 28804 (bottom).

first discuss the accuracy. Fig. 6 shows the relative ¢;-error
in Lp-distance field and its gradient to their exact distance
counterparts evaluated at the lattice points against p for the
case of N = 7024 and N = 28804, where N is the number
of boundary elements for the rectangular object. Note that
the generalised double-layer potential for this case can ac-
curately be evaluated with N = 4, i.e. a single boundary
element on each rectangular edge gives the exact potential
(3) except for the rounding error. We here intentionally use,
however, excessively large N to evaluate the performance of
the H-matrix method. Although it is expected that the accu-
racy may degrade for this example with corners in the object
surface (see the discussion in Section 2.2), the relative error
for the distance field almost scales as O(1/p). The accuracy
of the gradient is somewhat worse than that of the distance

field itself**. Nonetheless, the relative error for the gradient

**The distance function appears to be calculated with good ac-

curacy, but in the lower right corner of Fig. 7 one may find a

is less than 10% if p > 10 is used.

One also observes that when p and N are large, the H-
matrix method fails to give the accurate ¥, and VW,. This
tendency is more severely observed in V¥, than in VU, it-
self. This is obviously caused by the ill-conditioned kernel
for large p (see (5)). We might not use the ACA to evaluate
such an ill-conditioned potential for large p. We would like,
however, to emphasise that in practical use p ~ 10 would
be enough in skeletonising an object (see Section 3.1). We
thus may conclude that the proposed method with the H-
matrix method is still promising in skeletonising 2D objects
in practical cases.

We lastly discuss the computational efficiency of the pro-
posed method. Fig. 7 shows the elapsed time for computing
¥, and its gradient for various p and N = 7024. The pro-

1000

E N = 7024

-
o
o

Elapsed time [sec]

N
o

U, w/ H-matrix method ——
U, w/o Hrmatrix method ——

1 10 100
P
Fig.7 Elapsed time for computing ¥, vs the de-
gree p of the L,-distance.

posed method is always faster than the conventional method
without H-matrix acceleration among tested p =1, 3,--- ,63.
The plot for the proposed method is steeper than that for the
conventional method for large p, though. This is also caused
by the slow convergence in ACA due to the ill-conditioned
kernel.

From the above observations, we conclude that the pro-
posed method works well at least when the degree of L,-

distance field is moderate, say p ~ 10.

4. Concluding remarks

In this paper, we proposed an extension of the generalised
double-layer potential method for the signed L,-distance field
evaluation (?2) to skeletonise 2D objects. The proposed
method only relies on the boundary data of given objects

and is thus able to convert directly from, e.g., STL data to

slight jump in the purple line (representing the error in ¥, eval-
uated with the H{-matrix method). Although the increase in the
error is small, it is considerably large compared to the given tol-
erance for ACA (e.g. eaca ~ 1.8 x 1078 for p = 60) and cannot

be ignored.
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the approximation of its skeleton. We found that the pro-
posed method can provide the topological skeleton even with
a small p. We also addressed its acceleration by the H-matrix
method. We confirmed that the H-matrix method can ac-
celerate the skeleton computation with the condition that p
is small added. On the other hand, the stable and fast L,-
distance computation for large p is left for future works. To
address this, we may try the fast-multipole method instead
of the H-matrix method. It may also be possible to improve
the ACA algorithm for the current kernel. To this end, we
might exploit the fact that the generalised double-layer po-
tential (5) can have a tiny value for the case that both p
and |z — y| are large. We might also, instead of using the
automatic differentiation, manually differentiate the double-
layer potential and take appropriate measures to avoid the
loss of significant digits to improve the accuracy in VV,,. It
may also be an interesting future direction to combine the
proposed method with the topology and shape optimisation
technologies to optimise engineering designs with geometric

constraints.
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LARGE DEFORMATION ANALY SIS OF A NONRECIPROCAL GEL
UNDER CYLINDRICAL INDENTATION

Bed MHED, WE RGEM?, KE HY, BA K9

Shoma NONOGAKI, Seishiro MATSUBARA, So NAGASHIMA and Dai OKUMURA
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In this study, we investigate the large deformation analysis of a nonreciprocal gel under cylindrical
indentation. The nonreciprocity of the gel is modeled by extending the framework of anisotropic
linear elasticity [Wang et al., 2023. Mechanical nonreciprocity in a uniform composite material.
Science 380, 192—198]. Plane-strain finite-element analysis is performed by assuming the frictionless
between the gel and the rigid indenter, leading to reproducing the asymmetric response of the
nonreciprocal gel. It is found that severe large deformations cause non-convergence of incremental
calculations, which is resolved by introducing artificial viscosity and hourglass control. The
combination prevents the occurrence of hourglass deformation modes around the area directly below
the indenter as well as obtains converged solutions in efficient incremental calculations. The use of
larger values of the two parameters causes the increase of computational efficiency and the decrease

of computational accuracy. Parametric studies elucidate the existence of the proper region of the two
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Fig. 1 The x;-x,-x3 orthonormal coordinate prescribed as the
material’s principal directions with the x;-x, plane parallel to the
nanosheets in the NR gel® (i.e., nanosheets are aligned
perpendicular to the x3-direction).

1 u=0mm — 3mm
® Cylinder ¢ 2mm

Fig. 2 Initial configuration (u = 0) and boundary conditions of
the plane-strain finite-element model of the NR gel under
cylindrical indentation. The numbers of nodes and elements are
2,652 and 2,525, respectively.
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Fig.3 Deformed configurations and shear strain distributions ¥,
at u =1, 2, and 3 mm, respectively, for G =1 MPa and c =
1075 s7!. Asymmetric deformation is enhanced by the increase of
u because of the non-reciprocity and non-linearity of the NR gel.
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Fig. 4 Effect of damping factor ¢ on reaction force F with
G =0 (i.e., without hourglass stiffness). Reaction force error is
defined by (F — Fy)/Fy x 100 (%) at u =1 mm, where F; is
the reaction force obtained with ¢ =0 and G = 0.
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Fig. 5 Effect of hourglass stiffness G on reaction force F with
¢ =1075 s7!. Reaction force error is defined by (F — Fy)/Fy X
100 (%) at u =1 mm, where F; is the reaction force obtained
with c =0and G =0.
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Fig. 6 Diagram of computational accuracy (i.e., reaction force
error) as a function of damping factor ¢ and hourglass stiffness G.
Symbol e shows the computational points obtained by finite
element analysis whereas symbol /A shows the cases that causes
hourglass deformation modes.

Computational efficiency (N/ Ny)
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Fig. 7 Diagram of computational efficiency (i.e., N/Ny) as a
function of damping factor ¢ and hourglass stiffness G. Here N
is the total number of increments needed to obtain u = 3mm,
whereas N, is the intermediate number of increments needed to
obtain u =1 mm for c =0 and G = 0. Symbol e shows the
computational points obtained by finite element analysis whereas
symbol A shows the cases that causes hourglass deformation
modes.
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Fig. 8 Comparison of surface profiles at u =3 mm (a) for G =
1 MPa and ¢ = 1076~10"* s and (b) for G =0.1~10 MPa
and ¢ =105,
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CRACK DETERMINATION USING TOPOLOGICAL DERIVATIVE

IN 3-D SCALAR WAVE SCATTERING FIELD
S D, B EEY
Hitoshi YOSHIKAWA and Shouma RIN

1) FEBRE R ERE IR 2R (T 606-8501  FUARTH /2 58 X 5 FH AR ],
2) A—T—F % (T 223-8503 M%) IR MR T AL X EEHR T 1-18-12,  E-mail: )

E-mail: yskhit@i.kyoto-u.ac.jp)

A determination of cracks using topology optimization In 3-D scalar wave scattering field
is considered. We introduce the cost function which is the misfit function between the
observed data and the numerical data on the boundary of the domain having the cracks.

We determine the cracks as the minimizer of the cost function using the topological

derivative. The determination of two cracks having the less forecast information are

shown in this paper.

Key Words: crack determination, topological derivative, TD-BIEM
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TENSION-COMPRESSION ASYMMETRY EVALUATION OF A NONRECIPROCAL GEL BY
HOMOGENIZATION ANALYSIS
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A nonreciprocal gel consisting of hydrogel and nanosheet exhibits mechanical nonreciprocity, which
has potential applications in mechanical engineering. An earlier study has revealed that this
mechanical nonreciprocity is triggered by the tension-compression asymmetry resulting from the
microscopic buckling behavior of nanosheets during compressive deformation, but the relevant
influencing factors remain unknown. In this study, we investigate the microscopic buckling behavior
and the resultant tension-compression asymmetry in a nonreciprocal gel subjected to uniaxial
conditions. Eigenvalue buckling and post-buckling analyses equipped with computational
homogenization are performed on a unit cell modeled as an elastic bilayer for which ratios of Young’s
modulus and thickness are parameterized. The results confirm that selecting a dilute microscopic
buckling with the characteristic wavelength or a non-dilute microscopic buckling with the infinite
wavelength hinges on the ratios of Young’s modulus and thickness, which is consistent with the
theoretical solution for the buckling behavior of a layered composite. We also elucidate that the

tension-compression asymmetry is more pronounced as the Young’s modulus ratio increases or the

thickness ratio decreases.

Key Words: Nonreciprocity, Buckling, Gels, Composites, Homogenization
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Fig.2 Numerical model of a unit cell with boundary condition.
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with the boundary surfaces of the numerical model by multiple
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Fig.3 Normalized buckling stress, oc/Es, as a function of the
normalized wavelength, L/Hs, in the cases of (a) Es/Eg=10,
Hy/H=100 and (b) EJ/Ez=10°, Hy/H=300. While the priority
wavelength, Lei/Hs, is undetermined in the case (a), Le/Hs has

the characteristic value of 158 in the case (b).
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Fig.4 Deformed configurations of buckled unit cells in the cases
of (a) EJE~10°, HyH~=100 (Non-dilute system) and (b)
EJE~10°, Hy/H=300 (Dilute system). The global buckling
pattern emerges in the non-dilute system, whereas the nanosheet

is only buckled in the dilute system.
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Fig.5 Classification of microscopic buckling into dilute and non-
dilute systems for each combination of Young’s modulus ratio,
Es/Eg, and thickness ratio, Hg/Hs. The blue line indicates the
theoretically predicted boundary between dilute and non-dilute
systems using Egs. (1), (2). Numerical results are in good
agreement with the theoretical prediction except for the case of
EJE~10%, Hy/H:=300.

D03, HEE SRR RE & L2 WEBIEME RIS WD T H g AW
EJE, & H/H, O#iPH CELRfR L G TAMRN GO Z &
Bbinot-. L, EJE~105, HyH=300 DAL HHEIC
DOWTITERDFER o T-. T, ARTA—Z ¥y |
DEFHIT O TH Y, 5125 7 B &\ ) T
E— R Lo OFHIICEAE A, FEFE LTI 7 v a6
OHEICHEEBERIEI LI ERNFERTHLIEEZLND.
WIT, AEHRO I 7 v BREEIONT, 2=y MELD
BRI R La OFRAER & BlRRR 2 LT 5. Fig6 1, 3
D Hy/Hs [ 253 5 EFUMESEN R Lo/Hs & EJE; DRARE R
T 22T, RPRAOMRIE, R TREND EJE Bt

TIEREVGEEIZEBITS Le DB GwHRRDEZ T2 >y FLEHD
Thb.
1
Ler _ 7I{(1 +vg)(3 — 4vg) E}S 3)
H 31-vy) E
103
HylH, »
->¢-1000 P
-A-300 I
—=—100 =7
x°
T ) p /’/ Theoretical
:‘G 0 / solution
10 1 1 1 1
102 103 104 105 108 107

Fig.6 Comparison of priority wavelength, Le/Hs, of a unit cell
in the dilute system between theoretical solution and numerical
results for each combination of Young’s modulus ratio, Es/E,
and thickness ratio, Hg/Hs. Numerical results are in good

agreement with the theoretical solution.
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Fig.7 Comparison of buckling strain, ec, of a unit cell in the
dilute system between theoretical solution and numerical results
for each combination of Young’s modulus ratio, Es/Eg, and
thickness ratio, Hy/Hs. Numerical results are in good agreement

with the theoretical solution.
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Fig.8 Deformed configurations with the distributions of the
microscopic horizontal axial strain, emic, for the unit cells with
the wavelength, L=158, subjected to (a) compressive and (b)
tensile axial macroscopic strains, |¢|=(0.1,0.2), in the non-dilute
system.
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Fig.9 Deformed configurations with the distributions of the
microscopic horizontal axial strain, emic, for the unit cells
subjected to (a) compressive and (b) tensile axial macroscopic

strains, |¢]=(0.1,0.2), in the dilute system.
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Fig.10 Normalized macroscopic axial stress, o/Es, as a function of the macroscopic axial strain, ¢, for the cases of (a) Es/E¢=10°, Hy/Hs=100,
L/Hs=(158, 1000) in the non-dilute system and (b) Es/Eg=10°, He/H=300, L/Hs=158 in the dilute system. The inset in the figure (a) shows

the relationship between o/Es and ¢ in the vicinity of buckling points. Due to the microscopic buckling of a unit cell, o/E;s takes a small

value on the bifurcated path, leading to the emergence of the tension-compression asymmetry of a NR gel.
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Fig.11 Quantification of the tension-compression asymmetry by
the ratio between instantaneous Young’s moduli, Kt and Kc, of
a unit-cell in the dilute system subjected to macroscopic tensile
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INVESTIGATION OF INFLUENCING FACTORS ON THE PROCESS OF CREASE EVOLUTION
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We study the evolution of crease in an elastomer under three different loading conditions. Two-

dimensional finite element analysis is performed by combining a non-linear perturbation approach

to find a bifurcation solution for the flat surface in a metastable state. A generalized plane strain

element is used to impose plane strain, uniaxial, and equibiaxial conditions on the elastomer. The

solution is the deformation path for crease evolution, and the path ends at the critical strain for

creasing &c. The depth and self-contact length of the creases, which are indicators of crease evolution,

are described as functions of powers with constants and scaling exponents, which are expressed as

linear functions of the crease interval.

Key Words: Surface instability, Creasing, Bifurcation, Elastomers, Finite element analysis
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Elastic block
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Fig.1 Schematic illustrations and a finite element model of an
elastic block. (a) Undeformed state of an elastic block with height
H and length L. (b) Crease state on a bifurcated path at the global
compressive strain ;. The crease depth § is an indicator of
crease evolution. (¢) Boundary conditions and finite element mesh
for half of the elastic block. The global compressive strain &g is
defined as €g = —2u/L. The mesh resolution N means that the
elastic block is divided into a square mesh with side lengths of
H/N (the sample case for N = 20 is shown here).
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Fig. 2 Results obtained by the finite element analysis. (a) Crease
depth 6/H as a function of the global compressive strain &g. (b)
Critical strain for creasing &¢ under plane strain (PS), uniaxial (U),
and equibiaxial (EB) conditions for various values of the mesh
resolution N.
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Fig. 3 The crease deformation path under the plane strain condition.
(a) Crease depth §/H and self-contact length d/H as a function
of g for N =640 and L/H = 4.0. The red and blue plots
denote the crease depth and self-contact length, respectively. (b)
Deformation shape obtained at &g = 0.36,0.42,and 0.5. The
regions of self-contact caused by creasing are highlighted in pink.
The distributions of & are depicted using the local compressive
strain in the same direction as &g.
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Fig. 4 The crease deformation path under the uniaxial condition. (a)
Crease depth §/H and self-contact length d/H as a function of
£g. The red and blue plots denote the crease depth and self-contact
length, respectively. (b) Deformation shape obtained at e; =
0.46,0.52,and 0.6. The regions of self-contact caused by creasing
are highlighted in pink. The distributions of & are depicted using
the local compressive strain in the same direction as &g.

- 145 -



15
N =640L/H = 4.0 EB
5110-
=
oy
o 05F
0.0 ! L
0.2 03 0.4
(a) &g
07 0.6
E i
. I
e =026 e =032 g;=04

Fig. 5 The crease deformation path under the equibiaxial condition.
(a) Crease depth 6/H and self-contact length d/H as a function
of &;. The red and blue plots denote the crease depth and self-
contact length, respectively. (b) Deformation shape obtained at
& = 0.26,0.32, and 0.4. The regions of self-contact caused by
creasing are highlighted in pink. The distributions of & are
depicted using the local compressive strain in the same direction as

&g-
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Fig. 6 Comparison of the results obtained by finite element analysis
(FEA) and theoretical equations for (a) crease depth §/H and (b)
self-contact length d/H under the plane strain (PS), uniaxial (U),
and equibiaxial (EB) conditions. The symbols O, [J, and X
denote the FEA results obtained under PS, U, and EB conditions,
respectively. Solid lines shown in (a) and (b) indicate the results
obtained using Equations (2) and (3), respectively. The results are
presented for the crease intervals L/H = 5.0 (red), 4.0 (blue), and
3.0 (green).
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Fig. 7 Constants and scaling exponents as a function of the crease interval. (a,b) Constants (a) Cs and (b) Cq determined from the results
shown in Fig. 6 are plotted as a function of the crease interval L/H. (c,d) Scaling exponents (¢) ks and (d) k; obtained from the results shown
in Fig. 6 are plotted as a function of the crease interval L/H. Symbols O, [, and X denote the values under plane strain (PS), uniaxial (U)
and equibiaxial (EB) conditions, respectively. The dotted lines show the linear approximation.

Table 1 Coefficients as 4, bs g4, isq,and js, in Equations (4) and (5) determined under PS, U, and EB conditions.

as aq bs by is lq Js Ja
PS 0.55 0.60 0.48 -0.13 0.055 0.07 0.38 0.51
U 0.43 0.45 0.25 -0.13 0.065 0.075 0.31 0.48
EB 1.15 1.35 -0.4 -1.23 0.08 0.09 0.31 0.51
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On stabilisatin of a finite element method for the heat equation in 1D

using the Hilbert transformation and expantion of a basis function
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This paper proposes a stabilisation method for a finite element method using the Hilbert-

type operator for the heat equation. We show that the operator is identical to the original

Hilbert-type operator Hr up to a compact perturbation. Through a numerical example, it

is also verified that the poposed method can control the computational cost and accuracy

in a trade-off manner by changing parameters contained in the definition of the proposed

operator.

Key Words: Finite element method (FEM), Space-time method, Heat equation, Hilbert-

type transformation
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Fig.1 Relative errors in (10) of Approach 2 and the differ-

ence method.
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Table 1 L, relative errors in (11) of Approach 2 and the

difference method.

N, =N, =10 | 4.058 x 1073

N, =N, =20 | 9.618 x 10~*

N, =N, =30 | 4204 x 1074
Approach 2

N, = N, =40 | 2.346 x 10~*

N, =N, =50 | 1.495 x 10~*

N, =N, =60 | 1.034 x 10~*
Difference method | N, = N, =60 | 9.840 x 1073
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Fig.2 Relative errors in (10) of Approach 1, 2 and 3.
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Fig.3 Relative errors in (10) of Approach 1, 2 and 3.

BOMEL LTBIT oS, TR TIIEEREE LTH
Rl zhZzhoREERZO 7 Y VEEH W —RITTOE
FREA L WS D CTHRMARBEE - 72208, RZER O X5k
FEEREZ W2 HiES, ZHOXITE LTERDOEREE X
BRY, X —RALMENOARFEOHEM D SHOMET
BB, ARRTIEERZBUEGZEL T, BEFEDO T X —
Re AT UBETHFARLT2 e THE M ETZ Z L
R LD, ZORICHET 2 HE@mNZEMFEEONTE
5%, HARBBEIINLTZOWERK D Loh2HRS Z
LS BOMETH 5.

2EXmk

(1) Olaf Steinbach: Space-time finite element methods for
paraboloc problems, Computational methods in Applied
Mathmatics, Vol.15, No.4, PD551-566, 2015.

(2) Truman Ellis, Jesse Chan and Leszek Demkowicz: Ro-
bust DPG methods for transient convection-diffusion, In
Building Bridges: Connections and Challenges in Mod-
ern Approaches to Numerical Partial Differential Equa-
tions, pp. 179-203, Springer, 2016.

(3) Olaf Steinbach, Marc Zank: Coercive space-time finite
element methods for initial boundary value problems,
Berichte aus dem Institut fiir Angewandte Mathematik,
2018.

(4) FWNARS, PIESERE, Olaf Steinbach: Hilbert U254
FRWE =Xt A RIS T 2 HRERIEICONVWT
AR T ¥ Vol.19, 19-191201,2019.

(5) Olaf Steinbach, Agnese Missoni: A note on a modi-
fied Hilbert transform, Applicable Analysis Vol.102, pp.
2583-2590, 2023.

(6) Patrick James Noon: The single layer heat potential and
Galerkin boundary element methods for the heat equa-

tion, Thesis in the University of Maryland, 1988.

- 153 -






© F&E 2023

RN EICPERINTVE TN TOmRXIE, RERLE L CAHEHBIFRXE $£235 (2023) ICRX
INFbDT, EFEEIZFEICEL. HFICHoBLWRY Z7UVIA(T47 - 3FVX - 741~ XD CCBY
NCND %Z#FH L TWE 9 (http:/creativecommons.org/licenses/by-nc-nd/4.0/),

© The author(s) 2023

All the articles in this volume are originally published in Transactions of the Japan Society for Computational
Methods in Engineering, Vol.23, 2023, under the terms of the Creative Commons Attribution License CC BY NC
ND (http://creativecommons.org/licenses/by-nc-nd/4.0/) unless otherwise noted. The copyright of each article
belongs to the author(s).

SHERBTSRE 235

S5 E 11 B 24 BRT
TRERTT

CARFEHETIRS

(Matk)

T464-8603 #d EH TEXTEH
LEBRFAZHRIFHARR #H X7 LIRER AEHFHERIL—T K
ARFEHBI YR - FHRB
TEL: 052-789-2780
FAX: 052-789-3123

(R—LrR—%)
http://www.matsumoto.nuem.nagoya-u.ac.jp/jascome/

Printed in Japan / ISSN 1348-5245



	h1_2023.11
	001_CONTENTSr(目次の行数変更)
	No-01-231124_nb
	No-02-231124_nb
	No-03-231124_nb
	No-04-231124_nb
	No-05-231124_nb
	No-06-231124_nb
	No-07-231124_nb
	No-08-231124_nb
	No-09-231124_nb
	No-11-231124_nb
	No-13-231124_nb
	No-15-231124_nb
	No-16-231124_nb
	No-17-231124_nb
	No-18-231124_nb
	No-19-231124_nb
	No-20-231124_nb
	No-21-231124_nb
	LASTPAGE
	Printed in Japan / ISSN 1348-5245




