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In this paper we shall discuss regularization to the X-ray Computerized Tomography
(CT) algorithm based on the Cauchy type boundary integration. The reconstruction
formula involves with a series of Fourier coefficients, and thus its truncation gives a stable
computation scheme, since in unstable problems higher modes grow rapidly through their
numerical processes. Reconstructed results from measurement data are also presented in
order to show reliability and practicability of the proposed scheme.
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Fig. 1: Measurement with Parallel Beam Pro-

jection to the &-direction

BRZ., RETHEAETCH LI XM CTO7La Y X
LI TZERALEEHL, SHTZOEKERL 2. X5
12 AHIT, BHRAEZETENT — 20 6 OFMREIE R L
TREFROFEAEERT.

BRBDICL2BERFE

XMCT &, MR X e L, 2o A NIEED»S
YROWHE ETO X HOBERBBEDOD u(z) ZRKDZH 0D
THd. ZOMBNLHEBKFETD 5 FBP BN S AT
v — a8 TIX, Radon £t

Ruto,s) = [ ()t

% argw € [0,7) & seR TEHHAIT 2

X THRUKROKIE D R? OFRER D 2505273 5.
O EMEDINET p=0LEX5 LT, D zHAMN
W {x? +23 <1} IREL TR KbV, X Ik
NECTEEL X NS, BT 2. MEONE» S ¢ € St M

CXMeRissE D% DOMELLT, iBzeD
WCEES 2 X AR AR T 2 8% 2., $hfiBlzeD

TO X MOMEE I(2,6) £ LT,

I(z,§)
r3bE, Ce@D,{ESl WXL T
R J_7 : J_7 ° 01
u(“)_{ p(Et,c- €Y, ¢og> "
0, ¢-£<0

r#anz (D Fig 112, LROFFTE — 2 BHHICBT 3
Radon Z# Ru(w,s) D5l L ¢, ¢ oMKz RS, K, X
KYEOMEEZ KB TERL, 22T SITEME D %
7. ¢ AN L7z X B3R cE=EI A, AT b
Nw=¢E O sl ETHEERBRIL, u(( ¢ 2RET 2. ¥
72 ¢ € 0D ZirR e T HRANE, D 2oL ¢-€>0
DA, Thbb Ru b u((, &) ZBHET 2 HM E 2RT.
DITFClE o= (z1,22) ER* ¥ 2 =21 ++/—1a2 € C Z[f—
L, 23 2 OERBHRERT LT 5.

_76_

ZNBHDFEDD & T Bukhgeim 5%, u D & = £(cos b, sin §)
22 W T D Fourier 245 u(z,£(0)) = 30, cp un(2)e " 14
LT 7 MERZ

S*(U1,U3,U5,...) = (U3,U5,U7,...)

Y RNMETEN, A=(—-2)/((-2),2€D,(€dD I
FHLTRA) =N - S WEREHEZERZED S 2L &R
L, S*DLY ARy DERES
1 d¢ — S*dC
woaa(9) = 57 [ EEE RO @)

EREL LT, plz) = 2Re 2 (2) v MM E NS o v %

0z
RLE W 27U vaa = (ur,us,us,...,) THS. —H,
Finch I3 RMM R FHEIC KL D RIFER

" 210 Jap C—z
1 d¢ dC
#om (55 - 55) B0

RLE Q. BB EICET 2 RETH D, 0D 2
Mo =%, HARESICEFRIZEHA S 2 2 £ TRIERTE
2% —npfERENn s O EHLEOBRO =1, $E
HEOARENDHE LB Z T I28RAEKT 2THH %,
THDE Uy = 0DBRTD L > L IKDOWVWTHRILT 2 LR
ET B

g

211 Jop ( — 2

(A dZ) 1 )
+2m' oD (g_z c-z 352Z+Z1§M)‘ZU2H1(C) (3)

2EL. LT, MITHLT2U+1< M ER3HRDLE
L xitd.
22T {un} ¥ u O TEE A RERICHRK LT

Oy, + Oy yo = 0, n=0,1,2,...

iz d V. 72720 0 = (00y —102,)/2, 0 = (80, +0,)/2
TH%. TOMWHEIX A-analyticity (72720 A XE YR IEHER
ThHh, ZOHEIE A=29) & Xi¥h, Fourier FREHH W
WHBRLTWA Z e AEHINE., 2O ERBKIT .

FE 1 H2IFAERLITHLT w3 =0 851, M=
2L + 11K LT (3) DIILT 5.

Proof. %3 Bukhgeim 5DED D & T,
()\I—S*)iluoddz(1}1,1}3,1}5,...) (4)

HEXEZILICHEETS. ZOLZF uwy = vy —v3 THD,
(2) &b

_ 1 vi(Q)d¢  Svi(()d
w6 =5 [ {55 -

_L {U1+U3 dC _U3dC}

27 Jop AN (—-z (-z

1 wy d¢ a  d
~ 2ri aD{c—z+(<—z z—z>”‘°’}




183, 22T uriz =04H51E, AW S DL YR
V}%é\bzﬁihé ZEehH ’U2L+3 =0Td D, (4) U

(vi,v3, ..., v2p41) ITBIF 28—
MVani1 — Vangs = Uamp1, n=0,1,2,... L—1,
V2L 41 = U2L+1
. BEBRACIVESLIC
Vani1 = jg: S n=012 L
Bbhhr3DT, (3) 2185, O

:ﬂbij:izﬁ@;: 512 U2+l = 0 %éf@ ¢ >1L Q:’ﬂiﬁ?
ZREERL, BB =L+ 1T Fourier f2¥(» 0 & X
+HTHEZZERLTWVS

3. FAMENS XA —R e RZEN

xT3) ofUE WM v3ze, L2(D) Tul 5wy 2
FRALF 2 DT, (3) WIEAMLiEE RoTWwW3. LA LEDS
ZHS0ETHE D TR M 2KREL T2 L BIERDHE
PHERT 2RI NTED, BEENBRERI BT L b HE
FFETHBE IRV, fidorsh, ZHhIE XHECT OIF
WY ICRERT250TH S, —RICIEHEVIMETIE TEE
By PEtEBAETAMICHEKRT o TED,
Fourier Mot B RS O R IER 2 E A L CE B
R OB ERBIE I NN NS, IBEFIE (3) b
Bz, B M &b KE\W Fourier REEFI B U, HREM
A DHENRREALNESITLTWS., —F, ZOEEIKK
DIEEEOHTOBREEZATED, ZORELHE I

72%E, tHaEAEohinw LICERET 5.

— 2 ERIMETE TR BIRIER LT AR A OB RIE, v
BT —2DAHELT, BEGFE7 LIV XL Z2DFEE
WWIRET 2. AERFETHRRKIE, ZhoEL20ERZE
RHLT, FHHEHIH BV B EBBETORKIE, kbbb M
ERETIHLEND .

4. BUEFEA

RETZ2EHLERHENRRETEL T 2720, X #
CTOTRAMTF—&ELTARAMEINTWVS Fig. 2 ® Radon
ZirAVEEEREBIRS &8 chieEiltEsh
b DT, w DRATANCXE [0,27) & N, =120 #7), s
FIANZIXE [-1,1] 2 N, = 2296 %4 L CHHER S5 2 5 h
TW3. 28 D OERFRIZ 114.8mm IZHL L TED, s A
D fRBE X 114.8[mm]/2296 = 50[um] T&H 3. AREH TR
HORNDOBWRD, fEDRD, w, ¢, ¢cR? DFRAER

LidBTZzhZzhw, (& TRL, Zho2EYELXETE
Z5.

XTI TIE%E Aw = 27/N,, As = 2/N, £ LT, T
wn =nAw, s; = -1+ jAs FTOBAIEO K%

D= {Rﬂn,j = R:u(w’nvsj) > 0<n< Nw70 <j< Ns}

_77_

n
=)
=
t+
9
=)
a
o
=
o
3
o
3.
-1 <
0 /2 ™ 3/2m 2m 5
arg w
Fig. 2: Measurement Data Ry(w,s) (Sino-
gram) for Walnut (% ®)
12
< 10 - R
5 8 ;
X 1
- 6f .
o
S 4t -
1S
]
z 2f .
0 LT
-30 -20 -10 0 10 20 30

Relative Error [%]

Fig. 3: Histgram of Relative Error F(w, s) (6)
of Sinogram of Fig. 2 for 0 < w < 7, —1 <

s<1
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Fig. 4: Reconstruction by Filtered Back Pro-

jection
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Fig.5: Reconstruction by the Boundary Inte-

-1 -0.5 0.5

gral Formula with M = 200 Using w € [0, )

[0,211] M=200 1
L I

-1 -0.5

0
Fig. 6: Reconstruction by the Boundary Inte-

0.5

gral Formula with M = 200 Using w € [0, 27)

TRRRT BRI X 3 HETE, (5) BAHAE T

Rﬂ(wk + 7T/2> sj)7
0,

Gi - &k > 0;
G- &k <0

LT, DEMELE we[0,2r) D2 EFHATZZL BT
2. ZOLEDOEMBKERN Fig. 6 TH D, streak artifact
BEEINTWEZhRbhb.

XL BYDEE M OEAHEANDFEZFANRS 120
M =10, 30, 50, 100, 2000, 3000 ¥ Z{LX¥7= ¥ & DFHMAK
DFER % Fig. TITRT. M /N2 W =X, D OFRYON
ETHER I N EIGEYSRH#HFAICEENS 0D, fRIZ
KB EBEOABEERELTED, RFiNEEESEERINAT
WBEIEWIRY., —H M ERELT 3, MoKk
HiE SR ERR D PR TREFRITEIIC R 223,
12 0D DI TIEAMHEI R KEWEE 2D, KURLT
HFHDMENE SNV, THREAREMIC X 25 EREDH

U(Chék) ~ {



KDldrEZONE. bbb M IFHANRIEA S
X=X rAEOREZRE-LTED, HUIBIRT 3221
& o T Fig. 5, Fig. 6 IKRTEEEOEVEBRENR?E S
ns.

(d) M =100

(e) M = 2000

(f) M = 3000
Fig. 7: Comparison of Reconstructions with

Various Truncation Numbers M

5. &
ARFHX Tl Cauchy BHOBHE S ARICH 2O X#CT
FRICH L CEAMLRRE L. £/ 2 0T k2 EHEICHE
ML, kD FBP L AEDMRMAEONZ 2R .
FEZ T 74 DEAKTE, BRARESHEREOEZICK
K32 BEPARAETH D, Tho OPEHYNICRET S
WERDH D, AL THOIZAET —& DIicxis LTk, #
P BN 2 5 2 BUERE 7 D BRI & 2 BUEN R EED
HEIZRDHNT, NLICEAIhZ$THY) D EHEDIER]
b5 X—2DRENZRELTWBE I ednbhol. ZEN
CHERMI X B 22D FO@MYERPERETH D, =
LBV TIZZ DD DIEEDIRENEEN 5.

il

_79_

BIE AFROBRITICHZD, Alexandru Tamasan Fd% (Uni-
versity of Central Florida) ICH &R ZPHELHEE L2, R
WFgEiE JSPS B JP16H02155, JP18K07712, JP20H01821
DR EZ T DTT.

2E X

(1) A. L. Bukhgeim : Inversion Formulas in Inverse Prob-
lems, Linear Operators and Ill-Posed Problems by
M. M. Lavrentiev and L. Ya. Savalev, (1995), Plenum,
New York, pp. 323-378.

(2) D.V.Finch: The Attenuated X-ray Transform: Recent
Developments, in Inside Out: Inverse Problems and
Applications, Math. Sci. Res. Inst. Publ., 47 (2003),
Cambridge Univ. Press, Cambridge, pp. 47-66.

(3) Finnish Inverse Problems Society : https://zendo.
org/record/1254206/files/FullSizeSinograms.mat
in Open X-ray Tomographic Datasets, https:
//doi.org/10.5281/zendo.1254206 £ & &
https://www.fips.fi/dataset.php

(4) H.Fujiwara, K. Sadiq, and A. Tamasan : A Fourier Ap-
proach to the Inverse Source Problem in an Absorbing
and Non-weakly Scattering Medium, Inverse Problems,
36 (2020), 015005 (33pages)

(5) H.Fujiwara, K. Sadiq, and A. Tamasan : Numerical Re-
construction of Radiative Sources in an Absorbing and
Non-diffusing Scattering Medium in Two Dimensions,
SIAM J. Imagin Sci., 13 (2020), pp.535-555.

(6) H. Fujiwara and A. Tamasan : Numerical Realization
of a New Generation Tomography Algorithm Based on
Bukhgeim-Cauchy Integral Formula, Adv. Math. Sci.
Appl., 28 (2019), pp. 413-424.

(7) BEREZEE, A. Tamasan : Cauchy BFEDIT X2 X v
va L R X REHENTE IR, SRR TR R,
19(2019) pp. 1-6.

(8) K. Hamaéldinen, L. Harhanen, A. Kallonen, A. Ku-
janpad, E. Niemi, and S. Siltanen : Tomographic X-ray
data of a Walnut arXiv:1502.04064v1 [physics.data-an]

(2015)
(9) A. C. Kak and M. Slaney : Principles of Computerized

Tomographic Imaging, (1988), IEEE Press, New York.

(10) F. Natterer and F. Wiibbeling : Mathematical Methods
in Image Reconstruction, (2001), STAM, Philadelphia.

(11) J.Radon: Uber die Bestimmung von Funktionen durch
thre Integralwerte lings gewisser Mannigfaltigkeiten,
Berichte Séchsische Akademie der Wissenschaften zu
Leipzig, Math.-Phys. KL, 69 (1917), pp. 262-277.
(English translation : On the Determination of Func-
tions from Their Integral Values Along Certain Man-
ifolds, in IEEE Trans. Med. Imaging, MI-5(1986),
pp. 170-176.)








