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A SHAPE SENSITIVITY ANALYSIS BASED ON AN ISOGEOMETRIC BOUNDARY ELEMENT

METHOD FOR 3D ACOUSTIC PROBLEMS
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First, we formulate an isogeometric boundary element method (IGBEM) for the 3D

Helmholtz equation, focusing on the numerical treatment of the singular integral. Second,

we apply our IGBEM to the shape sensitivity analysis in the framework of the adjoint

variable method. Last, we perform some numerical experiments to validate the present

numerical methods.

Key Words : Boundary element method, Isogeometric analysis, NURBS, Shape sensi-
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1. ॹݴ

Խͷରͱ͢ΔͨࢄքͷΈΛڥքཁૉ๏ʢBEMʣڥ

Ίʹɼܗঢ়ײղੳ͋Δ͍ܗঢ়࠷దԽʹదͨ͠ղ๏Ͱ

͋Δɽ͜ͷॴɼNURBSجఈΛิ͓ؒؔΑͼܗঢ়ؔ

ͱ͢ΔࢄԽମܥͰ͋Δ isogeometric ղੳʢIGAʣ(1) Λ࠾

ΓೖΕΔ͜ͱʹΑͬͯݦʹߋஶͱͳΔɽͳͥͳΒɼ(i) ղ

ੳରͷද໘ʢڥքʣͷܗঢ়ͷม͕ߋ NURBSۂ໘Λఆٛ͢

Δ੍ޚͷมߋʹΑͬͯ༰қʹ͑ߦɼ·ͨ (ii) քϝογϡڥ

 NURBSۂ໘ͷϊοτ۠ؒΛ༻͍ͯՁతʹੜ͞ΕΔͷ

Ͱɼڥքܗঢ়ͷมߋʹ͏ϦϝογϡϊοτૠೖʹΑͬͯ

ൺֱత༰қʹ͑ߦɼ͞Βʹɼ(iii) քมڥ NURBSجఈʹ

Αͬͯิؒ͞Ε͍ͯΔͨΊʹɼܗঢ়ಋؔΛ͢ࢉܭΔͨΊʹ

͠͠ඞཁͱͳΔઢඍ͕༰қʹࢉܭͰ͖ɼ͔ͦ͠ͷ

࿈ଓੑ՝͢͜ͱ͕Ͱ͖Δ͔ΒͰ͋Δɽ

ద࠷ঢ়ܗղੳ͋Δ͍ײ͍͓ͯʹڀݚɼIGBEMͷࡍ࣮

ԽΛѻͬͨจଟ͍ʢ2017ࠒ·Ͱͷڀݚಈจݙ (2)

ΛࢀরʣɽதͰɼIGA͕ CADιϑτΣΞʢϞσϥʣͱ

ͷγʔϜϨεͳଓ͕ᨳ͍จ۟Ͱ͋Δ͜ͱ͋ͬͯɼCAE

ͱີͳߏྗֶʢԠྗղੳʣΛରͱ͕ͨ͠ڀݚ΄ͱΜͲ

Ͱ͋ΔɽҰํɼBEM ͕༗རͱ͞ΕΔಈ (3) ʹؔ͢Δ

ݩ࣍গͰ͋Δɽ2ྫڀݚ Helmholtzํఔࣜʹ͍ͭͯจ
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ݙ (4, 5, 2) ݩ࣍ΒΕΔ͕ɼ3͛ڍ͕ Helmholtzํఔࣜʹؔ͢

ΔจචऀΒͷΔݶΓͰͳ͍ɽ

ͦ͜Ͱຊจɼ3ݩ࣍Helmholtzํఔࣜʹର͢Δ IGBEM

ͷߏஙͱͦͷײղੳͷద༻Λతͱ͢Δɽલऀͷߏஙʹ

ؔͯ͠ઌڀݚߦ (6, 7, 8) ͕ଘ͢ࡏΔɽதͰɼSimpsonΒ

ͷڀݚ (6)࣭ͱྔͰڞʹ༏Ε͓ͯΓɼຊڀݚͰࣔ͢ IGBEM

แ͍ͯ͠Δɽͦ͜Ͱຊจɼ࣮ࡍʹͱͳΔಛҟੵ

ʢ͓Αͼۙಛҟੵʣͷํ๏ʹ͍ͭͯৄ͘͠ड़Δ͜ͱΛ

ओ؟ͱ͢ΔɽҰํɼऀޙͷײղੳʹ͍ͭͯطԟͷਵม

๏ʹͮ͘جղੳख๏Ͱ͋ͬͯɼཧతʹಛʹ৽͠͞ͳ

͍͕ɼචऀΒ͕ ݩ࣍2 Helmholtzํఔࣜʹؔ͢Δ IGBEMΛ

ڀݚߦదԽʹԠ༻ͨ͠ઌ࠷ঢ়ܗ (2) ʹ฿ͬͯɼIGBEM ͷಛ

Λܗ͔ͨ͠׆ঢ়ಋؔͷࢄදݱΛಋ͘ɽ

ҎԼɼ2અͰղ͖͘ڥքͱڥքੵํఔࣜʹͭ

͍ͯड़Δɽ3અͰͦͷ IGBEMΛఆࣜԽ͢Δɽಛҟੵ

ͷධՁख๏ʹ͍ͭͯઅΛվΊͯ 4 અʹड़Δɽߏͨ͠

IGBEMʹܗͮ͘جঢ়ײղੳख๏Λ 5અʹड़Δɽ6અͰ

ղੳʹΑͬͯຊ IGBEM͓Αͼײղੳख๏ͷଥੑ

Λ͢ূݕΔɽޙ࠷ɼ7અͰຊڀݚΛ݁͢Δɽ

2. ఆٛͱڥքੵํఔࣜ

ͷ࣍ ݩ࣍3 Helmholtzํఔࣜʹؔ͢Δ֎෦ Neumannڥք



ʢࢄ͍ߗཚମʹΑΔԻࢄڹཚʣΛ͑ߟΔɿ

△u+ k2u = 0 in V ⊂ IR3 (1a)

∂u
∂n

= 0 on S := ∂V (1b)

u(x) → uinc(x) as |x| → ∞ (1c)

͜͜ʹɼk ɼn ڥք S ʹର͢Δ֎͖୯Ґ๏ઢϕΫ

τϧΛද͢ɽ͜ͷΛ࣍ͷڥքੵํఔࣜΛ༻͍ͯղ͘ɿ

C(x)u(x) +

∫

S

∂G
∂ny

(x,y)u(y)dSy = uinc(x) for x ∈ S

(2)

͜͜ͰɼC(x) ࣗ༝߲Ͱ͋ΓɼΒ͔ͳҐஔͰ͋Ε 1
2 Ͱ

͋Δ͕ɼͦ͏Ͱͳ͍߹ʹࣜ࣍ΑΓٻΊΔɿ

C(x) = 1−
∫

S

∂Γ
∂ny

(x,y)dSy (3)

͜͜ʹɼΓ(r) := 1
4π|r|  ݩ࣍3 LaplaceํఔࣜͷجຊղͰ͋

Δɽࣜ (3)Λ༻͍Δ͜ͱਖ਼ଇԽʹଞͳΒͳ͍ɽ

3. Isogeometricղੳ

ຊڀݚͰɼݩདྷͷ IGAͷ֓೦ (1) ʹଇΓɼڥքੵํఔ

ࣜ (2)ʢ͓Αͼࣗ༝߲Λܾఆ͢ΔͨΊͷ (3)ʣͷܗঢ়͓ؔΑ

ͼิؒؔͱͯ͠ NURBSجఈΛ࠾༻͢Δɽͳ͓ɼ(2)ͷղ

๏બ๏Λ༻͍Δɽ

3.1. քڥ S ͷදݱ

໘ʣSۂքʢดڥ ෳͷ NURBSۂ໘Λ࿈݁ͯ͠ද͢ݱ

Δɽ֤ NURBSۂ໘্ܗ࢛֯Ͱఆٛ͞ΕΔͷͱͯ͠ɼۂ

໘ύϥϝʔλ s ∈ [0, 1] ͓Αͼ t ∈ [0, 1] Λಋೖ͢Δɽ͜ͷͱ

͖ɼ͋Δ NURBSۂ໘ Π ্ͷҙ y ࣍ͷΑ͏ʹ༩͑Β

ΕΔɿ

y(s, t) =

∑ns−1
k=0

∑nt−1
l=0 wklN

ps
k (s)Npt

l (t)Ckl∑ns−1
k′=0

∑nt−1
l′=0 wk′l′N

ps
k′ (s)N

pt
l′ (t)

=
∑

k,l

wklNkl(s, t)
W (s, t)

Ckl (4)

͜͜ʹɼNp
k  k ൪ͷ p ࣍ B-splineؔɼwkl ͱ Ckl 

(k, l) ൪ͷॏΈͱ੍ޚΛද͢ɽ࣍ʢpsɼptʣɼॏΈ͓Α

ͼ੍ޚද͍ͨ͠ݱ S ͷܗঢ়ʹԠͯ͡ఆ·ΔྔͰ͋Δɽ

؆୯ͷͨΊʹɼੵ Nps
k (s)Npt

l (t) Λ Nkl(s, t) ͱද͠ɼ૯
∑

k′
∑

l′ wk′l′Nk′l′(s, t) Λ W (s, t) ͱදͨ͠ɽ

B-splineؔΛఆٛ͢ΔͨΊͷϊοτྻ {si}ns+ps
i=0 ͓Αͼ

{tj}nt+pt
j=0 ɼҰൠʹඇݮগྻͰ͋ΕΑ͍ɽຊڀݚͰɼ

NURBSۂ໘ͷԑʹ֎पͷ੍ޚ͕ඞͣҐஔ͢ΔΑ͏ʹɼϊο

τྻ {si} ʢಉ {tj}ʣͷ࠷ॳͱޙ࠷ͷ ps + 1ʢಉ pt + 1ʣݸ

ͷϊοτͦΕͧΕॏͶΔɽ

3.2. քมڥ u ͷදݱ

͋ΔNURBSۂ໘ Π্ͷڥքม u࣍ͷΑ͏ʹNURBS

ఈͷੵʹΑΓิؒ͢Δɿج

u(s, t) =
∑

k,l

wklNkl(s, t)
W (s, t)

ukl (5)

͜͜Ͱɼukl ٻΊΔ͖ະมͰ͋Δɽͳ͓ɼclamped

ͳϊοτΛ༻͍͍ͯΔͨΊʹɼΠ ͷԑ্ʹҐஔ͢Δ Ckl ʹ

͓͚Δ u  ukl Ͱද͞ݱΕΔɽͦͷଞͷ ukl  u

ͱಉ͡ݩ࣍Λ͕ͭ࣋ཧతͳҙຯ໌֬Ͱͳ͍ɽ

քมڥ u  NURBSۂ໘ಉ࢜ͷަઢ͋Δ͍ަʹ͓

͍ͯ࿈ଓͰ͋Δඞཁ͕͋Δɽ͜ͷ࿈ଓੑͷ݅ɼ͋͘͠

Δ͖ະมʹಉҰͷάϩʔόϧͳະ൪߸Λ༩͑Εߟ

ྀͰ͖Δɽྫ͑ɼ͋Δ NURBSۂ໘ Π ͷԑͷ্ͷ੍ޚ

Ckl ͱผͷۂ໘ Π′ ͷԑͷ্ͷ੍ޚ C′
k′l′ ͕ಉ͡ҐஔΛ

ΊΔͱ͢ΔʢಉҰ͔൱͔ೋؒͷڑʹΑͬͯఆ͢Δʣɽ

͜ͷͱ͖ɼ͜ΕΒೋͭͷ੍ޚʹɼશͯͷ NURBSۂ໘ʹ

ͬͯάϩʔόϧͳΠϯσοΫε ν Λ༩͑Δɽ͜ΕΛ໘ Π

͓Αͼ Π′ ͰͦΕͧΕ (k, l) '→ ν ͓Αͼ (k′, l′) '→ ν ͱͬݴ

ͨରԠؔʢࣸ૾ Ψʣͱͯ͠هԱ͢Δɽ͜͜Ͱɼ(4)ͱ (5)Λ

ൺֱͯ͠Θ͔ΔΑ͏ʹɼ੍ޚ Ckl ͱະม ukl ର

Ͱ͋Δ͔Βɼࣸ૾ Ψ ϩʔΧϧͳະมͷΠϯσοΫε

ʹάϩʔόϧͳະมͷΠϯσοΫεΛׂΓͯΔࣸ૾ͱ

ͯ͑͠Δɽ

·ͨɼࣸ૾ Ψ ʹΑͬͯɼS ্ͷҙ y ͓Αͼڥքม

u ɼS Λߏ͢Δ NURBSۂ໘ͷΠϯσοΫεΛཅʹ༻͍

Δ͜ͱແ͠ʹɼ

y(s, t) =
N∑

ν=1

Rν(s, t)Cν , u(s, t) =
N∑

ν=1

Rν(s, t)uν (6)

ͷΑ͏ʹදݱͰ͖Δɽ͜͜ͰɼRν ରԠ͢Δ NURBSۂ໘

ͷجఈ wklNkl
W Λද͠ɼN ʢάϩʔόϧͳʣະͷΛ

ද͢ɽ

3.3. Խࢄքੵํఔࣜͷڥ

ࣜ (6)ͷ྆ࣜΛڥքੵํఔࣜ (2)ʹೖ͢Δͱɼ࣍ͷઢ

ఔࣜΛಘΔɿํܗ

C(x(ŝ, t̂))
N∑

ν=1

Rν(ŝ, t̂)uν

+

∫

S

∂G
∂ny

(x(ŝ, t̂),y(s, t))
N∑

ν=1

Rν(s, t)dSyuν

= uinc(x(ŝ, t̂)) (7)

͜͜Ͱɼ(ŝ, t̂) ڥքબ x ʹରԠ͢Δۂ໘ύϥϝʔλͰ͋

Γɼŝ͓Αͼ t̂Greville࠲ඪ (5)ʹΑͬͯఆΊΔɽ֤ NURBS

໘ۂ clampedϊοτΛ༻͍ͯுΒΕ͍ͯΔͨΊɼ֎पͷڥ

քબ NURBSۂ໘ͷԑʹஔ͞ΕΔɽ͜ͷͱ͖ɼྡ͢

Δ NURBSۂ໘ͷڥքબͱॏͳͬͯ͠·͏͕ɼ্ࣸͨ͠ه

૾ Ψ Λར༻ͯ͠ॏͳͬͨڥքબΛಉҰ͢ࢹΕɼબͷ

ະͷ N ͱҰகͤ͞Δ͜ͱ͕Ͱ͖Δɽ

ࣜ (7) ཁૉ Eijʢisogeometric ཁૉʣΛಋೖ͢Δ͜ͱʹ

ΑͬͯཧͰ͖ΔɽEij ɼύϥϝʔλ্ۭؒͰ {(s, t) | si ≤
s < si+1, tj ≤ t < tj+1} ʹ૬͢Δ S ͷ෦Λද͢ɽࠓɼ

ϊοτྻ clampedͰ͋Δ͔ΒɼڥքੵΛ͏ߦ͖ཁૉͷ

ൣғɼps ≤ i ≤ ns − 1 ͔ͭ pt ≤ j ≤ nt − 1 ఆ͞ΕΔɽݶʹ

·ͨɼ૯
∑

ν  Ei,j ʹΛͭ࣋ NURBSجఈ͚ͩʹݶఆ

Ͱ͖Δɽ͜͜ͰɼNps
k (s) ͷ [sk, sk+ps+1] Ͱ͋Δ͜ͱʹ



ҙ͢ΔɽҎ্ΑΓɼ(7)࣍ͷΑ͏ʹॻ͚Δɿ

C(x(ŝ, t̂))
ps∑

k=i−ps−1

pt∑

l=j−pt−1

wklNkl(ŝ, t̂)

W (ŝ, t̂)
ukl

+
∑

Π

ns−1∑

i=ps

nt−1∑

j=pt

∫

Eij

∂G
∂ny

(x(ŝ, t̂),y(s, t))

×
ps∑

k=i−ps−1

pt∑

l=j−pt−1

wklNkl(s, t)
W (s, t)

dSyukl

= uinc(x(ŝ, t̂)) (8)

͜͜ʹɼ
∑

Π  S Λߏ͢Δ NURBSۂ໘ʹؔ͢Δ૯Λ

ද͢ɽ

ຊڀݚͰɼ(8)Λ LUղΛ༻͍ͯղ͘ɽղ ukl ͔Β (5)

ʹΑΓ S ্ͷ u Δɽ·ٻ͕

4. քੵͷධՁڥ

ࣜ (8) ΕΔೋॏϙςϯγϟϧͷಛҟੵ͓Αͼۙݱʹ

ಛҟੵͷධՁํ๏ʹ͍ͭͯৄ͘͠ड़ΔɽݤͱͳΔͷ

Lachat-Watsonͷมม (9) Ͱ͋Δ͕ɼͦͷมʹΑͬͯ

ʢऑ͍ʣಛҟੑΛཅʹΩϟϯηϧ͢ΔͨΊͷ४උ͔Β࢝ΊΔɽ

4.1. ४උ

બ x(ŝ, t̂) Λͦͷ෦͋Δ͍ԑʹؚΉཁૉ Eij ্Ͱͷ

ೋॏϙςϯγϟϧͷಛҟੵΛ͑ߟΔɽ·ͣɼ૬ରҐஔϕ

Ϋτϧ r  (4)ΑΓ࣍ͷΑ͏ʹද͢͜ͱ͕Ͱ͖Δɿ

r(s, t) := x(ŝ, t̂)− y(s, t) =
∑

k,l

wkl
Xkl(s, t)

W (ŝ, t̂)W (s, t)
Ckl (9)

͜͜ʹɼ

Xkl(s, t) := W (s, t)Nkl(ŝ, t̂)−W (ŝ, t̂)Nkl(s, t)

=
∑

k′,l′

wk′l′
(
Yk′l′(s, t)Nkl(ŝ, t̂)− Ykl(s, t)Nk′l′(ŝ, t̂)

)
(10)

Ykl(s, t) := Nkl(s, t)−Nkl(ŝ, t̂) (11)

,ɼYkl(sʹ࣍ t) Λ s ͓Αͼ t ͷଟ߲ࣜͱͯ͠ཅʹද͢ɽB-

spline ఈج Nps
k (s) ͱ Npt

l (t) ͕ͦΕͧΕ ps ͱ࣍ pt ͷଟ࣍

߲ࣜͰ͋Δ͜ͱ͔ΒɼͦΕΒ

Nps
k (s) =

ps∑

i=0

ck,is
i, Npt

l (t) =
ps∑

j=0

dl,jt
j (12)

ͱද͢͜ͱ͕Ͱ͖Δɽ ck,i ࿈ཱઢํܗఔࣜ
⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 s̄0 s̄20 · · · s̄ps0

1 s̄1 s̄21 · · · s̄ps1

1 s̄2 s̄22 · · · s̄ps2
...

...
...

. . .
...

1 s̄ps s̄2ps · · · s̄psps

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

ck,0

ck,1

ck,2
...

ck,ps

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

Nps
k (s̄0)

Nps
k (s̄1)

Nps
k (s̄2)
...

Nps
k (s̄ps),

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

͔ΒܾఆͰ͖Δɽ͜͜Ͱɼs̄m ͍ͯ͑ߟΔ۠ؒ [sl, sl+1]

্ͰҰ༷ʹαϯϓϧͨ͠ɼͭ·Γ s̄m := ps−m
ps

sl + m
ps
sl+1

ʢm = 0, . . . , psʣͰ͋Δɽ͜ ͷ߹ɼྻߦVandermonde

ͷղੳͰࡍͱͳΔͨΊʹਖ਼ଇͰ͋Δɽ࣮ྻߦ LUղ

ʹΑͬͯΛٻΊΔʢ͜ͷҙຯͰຊੵํ๏ղੳతͰ

͋Δʣɽ dl,j ಉ༷ʹͯ͠ٻΊΔɽ

͜ͷͱ͖ɼ(11)ͷ Ykl ࣍ͷΑ͏ʹද͢͜ͱ͕Ͱ͖Δɿ

Ykl(s, t) =
ps∑

i=0

pt∑

j=0

ck,idl,j(s
itj − ŝi t̂j)

͜͜Ͱɼӈลͷ sitj − ŝi t̂j 

(s− ŝ)

(
i−1∑

m=0

smŝi−1−m

)
tj + t̂j

2

+(t− t̂)

(
j−1∑

m=0

tm t̂j−1−m

)
si + ŝi

2
.

ͱมܗͰ͖ΔͷͰɼࣜ࣍ΛಘΔɿ

Ykl(s, t) = (s− ŝ)Dkl(s, t) + (t− t̂)Ekl(s, t) (13)

͜͜ʹɼ

Dkl(s, t) :=
ps∑

i=0

ck,i

i−1∑

m=0

smŝi−1−m
pt∑

j=0

dl,j
tj + t̂j

2

Ekl(s, t) :=
ps∑

i=0

ck,i
si + ŝi

2

pt∑

j=0

dl,j

j−1∑

m=0

tm t̂j−1−m

ͳ͓ɼ(12)ΑΓɼ্ࣜͷ
∑ps

i=0 ck,i
si+ŝi

2 ͱ
∑pt

j=0 dl,j
tj+t̂j

2 

ͦΕͧΕ
Nps

k
(s)+Nps

k
(ŝ)

2 ͱ
N

pt
l

(t)+N
pt
l

(t̂)

2 ʹॻ͖͑Δ͜ͱ

͕Ͱ͖Δɽࣜ (13)ΑΓɼ(10)ͷ Xkl  Dkl ͱ Ekl Λ༻͍ͯ

දݱͰ͖Δɽ͜ͷͱ͖ɼ(9)ͷ r ͓Αͼͦͷେ͖͞ r ࣍ͷ

Α͏ʹॻ͚Δɿ

r(s, t) =
∑

k,l

wkl

∑

k′,l′

wk′l′
Ckl

W (ŝ, t̂)W (s, t)

×
[{

(s− ŝ)Dk′l′(s, t) + (t− t̂)Ek′l′(s, t)
}
Nkl(ŝ, t̂)

−
{
(s− ŝ)Dkl(s, t) + (t− t̂)Ekl(s, t)

}
Nk′l′(ŝ, t̂)

]

= (s− ŝ)F (s, t) + (t− t̂)G(s, t) (14)

r(s, t)

=
√

(s− ŝ)2F · F + 2(s− ŝ)(t− t̂)F ·G+ (t− t̂)2G ·G

(15)

͜͜ʹɼ

F (s, t) :=
∑

k,l

wkl

∑

k′,l′

wk′l′
Ckl

W (ŝ, t̂)W (s, t)

×
{
Dk′l′(s, t)Nkl(ŝ, t̂)−Dkl(s, t)Nk′l′(ŝ, t̂)

}

=

∑
k,l wklDkl(s, t)(x−Ckl)

W (s, t)

Ͱ͋ΓɼG ͷఆٛɼ্ࣜͷӈลͷؔ D Λ E Ͱஔ͖͑

ͨͷͰ͋Δɽ

4.2. มม

ཁૉ Eij Λ Fig. ׂ͢ΔɽҎʹܗ֯ࡾͷ࢛ͭʹͷΑ͏ࠨ1

Լɼਤதͷܗ֯ࡾ ABC্ͷಛҟੵ

I(x) :=

∫

ABC

r · n
r3

φdSy =

∫

ABC

r · n
r3

φJdsdt

Λ͑ߟΔɽ͜͜ͰɼJ(s, t) :=
∣∣∂y
∂s × ∂y

∂t

∣∣Ͱ͋Δɽ·ͨɼؔ
φ  (1− ikr)eikr ͱ NURBSجఈͷੵͰ͋Γɼ Cʢબʣ

ΛؚΊͯਖ਼ଇͰ͋Δ͔ΒɼҎԼͷٞͰͱͳΒͳ͍ɽ



ੵ͕֩Cʹ͓͍ͯ༗͢Δಛҟੑɼదͳੵมͷ

มΛ͏ߦͱΩϟϯηϧͰ͖ΔɽຊڀݚͰ Lachat-Watson

ͷมม (9) Λ༻͍Δɽ͢ͳΘͪɼม s ͱ t Λ࣍ͷΑ͏

ͳม ξ ͱ η ʹΑͬͯද͢ɿ

s = ŝ+ ξ(a− ŝ) + ξη(b− a) for 0 ≤ ξ, η ≤ 1

͜͜ʹɼs := ( s
t ), ŝ :=

(
ŝ
t̂

)
, a :=

−→
OA = ( as

at ) ͓Αͼ b :=
−−→
OB =

(
bs
bt

)
Ͱ͋Δɽ͜ͷͱ͖ɼ

∂s
∂ξ

= (a− ŝ) + η(b− a) =: h =:
(
hs
ht

)
,

∂s
∂η

= ξ(b− a)

Ͱ͋Δ͔ΒɼϠίϏΞϯ࣍ͷΑ͏ʹࢉܭͰ͖Δɿ
∣∣∣∂s
∂ξ

∂s
∂η

∣∣∣=ξ
{
(as − ŝ)(bt − at)− (at − t̂)(bs − as)

}

=:ξQ(ξ, η)

͜ͷͱ͖ɼs− ŝ = ξhs ͓Αͼ t− t̂ = ξht Ͱ͋Δ͔Βɼ(14)

ͱ (15)ΑΓҎԼͷ͕ؔࣜಘΒΕΔɿ

r = ξ (hsF + htG) (16)

r = ξ
√

h2
sF · F + 2hshtF ·G+ h2

tG ·G =: ξR(ξ, η) (17)

ূ໌ʹ͍ͯͬࢸͳ͍͕ɼۂ໘ S ΓɼݶΛ͠ͳ͍ࠩަݾ͕ࣗ

ؔ R ਖ਼Ͱ͋Δͱ͑ߟΒΕΔɽ

Fig.1 Split of the element Eij into four sub-triangles (left),

and subdivision of the triangle ABC (of level 0) into sub-

triangles of levels 1, . . . , D − 1 by the coloured edges (right)

4.3. ೋॏϙςϯγϟϧͷಛҟੵ

๏ઢϕΫτϧ n ͕

n =
∂y
∂s × ∂y

∂t

| ∂y∂s × ∂y
∂t |

=:
N
J

ͱද͞ΕΔ͜ͱ͔Βɼ(16)͓Αͼ (17)ΑΓɼܗ֯ࡾ ABC্

ͷೋॏϙςϯγϟϧ I ࣍ͷΑ͏ʹධՁͰ͖Δɿ

I(x) =

∫ 1

0

∫ 1

0

(
(s− ŝ)F + (t− t̂)G

)
·N

ξ3R3
φξQdξdη

͜͜Ͱɼ

N =
∂(x− r)

∂s
× ∂(x− r)

∂t
=

∂r
∂s

× ∂r
∂t

Ͱ͋Δ͔ΒɼN Λ (16)ʹΑͬͯ F ͓Αͼ G Λ༻͍ͯද͢

ͱɼI ͷඃੵؔͷࢠͷ֤߲࣍ͷΑ͏ʹॻ͖ԼͤΔɿ

(s− ŝ)F ·N

=ξ2
(
[F ,F s,F t]ξh

3
s + [F ,F s,Gt]ξh

2
sht + [F ,F s,G]h2

s

+ [F ,Gs,F t]ξh
2
sht + [F ,Gs,Gt]ξhsh

2
t + [F ,Gs,G]hsht

)

= : ξ2f(ξ, η)

(t− t̂)G ·N

=ξ2
(
[G,F s,F t]ξh

2
sht + [G,F s,Gt]ξhsh

2
t + [G,F ,F t]hsht

+ [G,F ,Gt]h
2
t + [G,Gs,F t]ξhsh

2
t + [G,Gs,Gt]ξh

3
t

)

= : ξ2g(ξ, η)

͜͜ʹɼF s := ∂F
∂s Ͱ͋Γɼඍཅʹ࣮ߦͰ͖Δɽ·ͨɼ

[ ] εΧϥʔࡾॏੵΛද͢ɽΏ͑ʹɼࣜ࣍ΛಘΔɿ

I(x) =

∫ 1

0

∫ 1

0

f + g
R3

φQdξdη (18)

4.4. αϒཁૉׂ

ࣜ (18) ͷੵಛҟੑΛͣͨ࣋ɼξ ͱ η ͷͦΕͧΕʹҰ

ͷޙGaussੵެࣜΛద༻ͯ͠ධՁͰ͖Δɽͱ͜Ζ͕ɼݩ࣍

࣮ݧͰΘ͔ΔΑ͏ʹɼߴਫ਼ͷ݁ՌΛಘΔͨΊʹ

୯७ͳద༻ͰෆेͰ͋Δɽ

ͦ͜ͰຊڀݚͰɼจݙ (10) Λߟࢀͱͯ͠ɼFig. 1ӈͷΑ

͏ʹ͢Δܗ֯ࡾ ABCΛؼ࠶తʹ࠶ׂ͢Δํ๏ʢαϒ

ཁૉׂʣΛ࠾༻͢Δɽ͢ͳΘͪɼABCΛ࢛ͭͷܗ֯ࡾʹ

ׂ͢Δʢਤதͷ৭ͷลΛૠೖͯ͠͏ߦʣɽͦΕΒΛϨϕ

ϧ 1ͷܗ֯ࡾͱݺͿɽଓ͍ͯɼϨϕϧ 1ͷ֤ܗ֯ࡾΛׂ͠

ͯϨϕϧ 2ͷܗ֯ࡾΛ࡞Δʢ৭ͷลΛૠೖ͢Δʣɽ͜ΕΛ

Λׂ͢Δ݅ɼܗ֯ࡾΓฦ͢ɽ͋ΔϨϕϧͷ܁ʹతؼ࠶

(i) ͦͷϨϕϧ͕ D− 1 ҎԼͰ͋Δ͜ͱɼ͔ͭ (ii) d < 3h ͕

ຬͨ͞ΕΔ͜ͱͰ͋Δɽ͜͜ͰɼD ॴఆͷʢ6અͷ

Ͱݧ࣮ D = 7 ͱͨ͠ʣɼd બ xʢ Cʣ͔Β͢Δ

Ͱ͋Γɼhڑͷਤ৺·Ͱͷܗ֯ࡾ ͦͷܗ֯ࡾͷ໘ੵͷฏ

ํࠜͰ͋Δɽ

Ҏ্ͷखଓ͖ʹΑͬͯੜ͞ΕͨϨϕϧ D − 1 ·Ͱͷࡾ

ɼͯؔ͠ʹܗ֯ CΛؚΉ্ܗ֯ࡾͷੵʹ͍ͭͯ 4.3અ

ʹैͬͯධՁ͠ɼͦͷଞͷ্ܗ֯ࡾͷੵʹ͍ͭͯܗ֯ࡾ

༻ GaussੵެࣜʹΑͬͯධՁ͢Δɽ6અͷ࣮ݧͰ 7

ͷੵެࣜΛ༻͍ͨɽ

4.5. ۙಛҟੵͷධՁ

ಛҟੵʹαϒཁૉׂΛద༻ͨ͠߹ɼೋ࣍తʹਫ਼্

ͰॏཁͱͳΔͷɼબͱ͍ۙཁૉʹؔ͢Δੵʢۙಛҟੵ

ʣͰ͋ΔɽۙಛҟੵαϒཁૉׂʹΑΓධՁ͢Δɽ͢

ͳΘͪɼ͢Δ Eij Λ࢛ͭͷܗ࢛֯ʹ͠ɼd < 3h ͕

ຬ͞ΕΔ·ͰׂΛؼ࠶తʹ܁Γฦ͢ɽ͜͜Ͱɼd બ

ͱαϒܗ࢛֯ͷਤ৺ͱͷڑɼh ͦͷαϒܗ࢛֯ͷ໘ੵͷ

ฏํࠜͰ͋Δɽ

5. ղੳײঢ়ܗ

Ҏ্Ͱߏͨ͠ IGBEMͱਵม๏ʹܗͮ͘جঢ়ײղ

ੳख๏Λड़Δɽ

5.1. ঢ়ಋؔܗదԽͱ࠷ঢ়ܗ

ຊจͰɼతؔ J Λॴఆͷ؍ଌ zm ∈ V ʹ͓͚

ΔԻѹ u ͷͱͯ͠ఆٛ͢Δɿ

J (u;S) :=
M∑

m=1

|u(zm)|2

2
(19)



ࣜ (19)ͷ J ʹؔ͢Δܗঢ়ಋؔ S ɼϵ Λඍখͳͱ͢

Δͱ͖ɼS ্ͷ֤ y Λ ϵV (y) ͚ͩҠಈͯ͠ੜ͡Δ৽ͨͳ

քڥ S̃ ͱԻ ũ ʹؔ͢Δతؔ J (ũ; S̃) Λ ϵ ʹ͍ͭͯల

։ͨ͠ͱ͖ʹಘΒΕΔ ϵ ͷ Ͱ͋Δɿͷ߲ͷ࣍1

J (ũ; S̃) = J (u;S) + ϵS(u;S) +O(ϵ2) (20)

͜͜ͰɼS ࣍ͷΑ͏ʹಋ͘͜ͱ͕Ͱ͖Δʢྫ͑จݙ (11)ʣɿ

S(u;S) = ℜ
∫

S

(
k2λ∗u−∇λ∗ ·∇u

)
V · ndS (21)

͜͜ʹɼ()∗ ෳૉڞɼu  (1)ͷʢओʣͷղɼλ

࣍ͷਵͷղͰ͋Δɿ

△λ(x) + k2λ(x) = −
∑

m

u(x)δ(x− zm) in V (22a)

∂λ
∂n

= 0 on S (22b)

λ(x) → 0 as |x| → ∞ (22c)

͜͜Ͱɼ(22a)ͷӈลͷ u(zm) ɼओΛղ͍ͨޙʹ

Λࣜ͠ܗΔɽ·ͨɼਵओͱಉ͡·ٻΑΓʹࢉܭ

͓ͯΓɼຊ IGBEMΛ༻͍ͯղ͘͜ͱ͕Ͱ͖Δɽ

5.2. Խࢄঢ়ಋؔͷܗ

ղੳͰɼඍখมܗ ϵV ༗ݶͱͯ͠༩͑Δඞཁ͕͋

ΔɽIGBEMͰɼڥք্ͷҙ y ͕ NURBSجఈΛ༻͍

ͯ (6)ͷୈҰࣜͷΑ͏ʹද͞ݱΕΔͷͰɼͦͷมܗલޙͷࠩ

ͱͯ͠ ϵV (y) Λ࣍ͷΑ͏ʹۙ͢ࣅΔͷ͕߹ཧతͰ͋Δ (2)ɿ

ϵV (y) ≈ ỹ(s, t)− y(s, t) =
N∑

ν=1

Rν(s, t)δCν

͜͜ʹɼδCν ڥք S Λੜ͢Δ੍ޚ Cν ͱ S̃ Λੜ͢

Δ੍ޚ C̃ν ͷมԽྔͰ͋Δɽ͜ͷͱ͖ɼ(20)ͷ J (ũ; S̃) 

ԽͰ͖ΔɿࢄͷΑ͏ʹ࣍

J (ũ; S̃) ≈ J (u;S) +
N∑

ν=1

sν(u;S) · δCν +O(ϵ2) (23)

͜͜ʹɼ

sν(u;S) := ℜ
∫

S

(
k2λ∗u−∇λ∗ ·∇u

)
RνndS

ͳ͓ɼ∇u ڥք݅ (1b)ʹΑΓ๏ઢΛͨ࣋ͳ͍͜ͱ͔

Β࣍ͷΑ͏ʹද͢͜ͱ͕Ͱ͖Δ (12)ɿ

∇u =
1
J

(
∂u
∂s

t× n+
∂u
∂t

n× s

)

͜͜ʹɼs := ∂y
∂sɼt := ∂y

∂t Ͱ͋Δʢ͜ͷͱ͖ J = |s× t|ʣɽ
ઢඍ ∂u

∂s ͓Αͼ
∂u
∂t ɼNURBSجఈΛඍ͢Δ͜ͱʹ

Αͬͯ༰қʹࢉܭͰ͖Δɽ∇λ ʹ͍ͭͯಉ༷Ͱ͋Δɽ

ࢄԽ͞Εͨײ sν ͷڥքੵಛҟੑ͕ͳ͍ͨΊɼ

isogeometric ཁૉຖʹ Gauss ੵެࣜʹΑͬͯධՁͰ͖Δɽ

6. ࣮ݧ

࣮ݧʹΑͬͯ։ൃͨ͠ IGBEMͱײղੳख๏ͷଥ

ੑΛ͢ূݕΔɽ

6.1. ཚղੳࢄ

ܘத৺ɼݪʢٿ 0.5ʣʹ +x3 ਐΉฏ໘ೖࣹʹํ

uinc(x) = eikx3 Λೖࣹ͢ΔࢄཚΛղ͘ɽ͜ͷʹݫ

ີղ͕ଘ͢ࡏΔͷͰ (13)ɼͦΕͱ IGBEMʹΑΔղͱΛ

ൺֱ͢ΔɽҎԼɼ k  3ͱͨ͠ɽ

໘ٿ S ຕͷ NURBSۂ໘ΛுΓ߹Θͤͯߏʹີݫ

͢Δ (14)ɽ͜ͷͱ͖ɼ֤໘Ͱ ns = nt = 4 ͔ͭ ps = pt = 4

Ͱ͋Γɼϊοτྻ {si}ʢ{tj} ಉ༷ʣ࣍ͷΑ͏ʹ͢Δɿ

si =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

0 i = 0, . . . , ps

i−ps
ns−ps

i = ps + 1, . . . , ns − 1

1 i = ns, . . . , ns + ps

ະͷʢNʣ 6nsnt ఔͷͨΊɼIGBEMͷਫ਼Λ

্͛ΔͨΊʹ ns ͓Αͼ nt Λ૿Ճ͢Δɽ۩ମతʹɼܗٿ

Λอͭͭ࣋͠ϊοτΛૠೖ͢Δ (1)ɽ

IGBEMͷઃఆͱͯ͠ɼಛҟੵ͓Αͼۙಛҟੵͷα

ϒཁૉׂΛ͔͏ߦ൱͔ɼ·ͨਖ਼ଇԽΛ͔͏ߦ൱͔ʢͭ·Γɼ

ࣗ༝߲ͷࢉܭʹ (3)Λ༻͍Δ͔൱͔ʣͷೋΛྀ͠ߟɼ࢛ͭ

ͷέʔεΛൺֱ͢Δɽ·ͨɼ͍ͣΕͷέʔεʹ͓͍ͯɼ1

ݩ࣍ Gaussੵެࣜͷ ఆͨ͠ɽݻʹ3

Fig. 2 u ͷີݫղʢu(r, θ) =
∑∞

n=0 i
n(2n+ 1)(jn(kr)−

A′
nh

(1)
n (kr))Pn(cos θ) ʹର͢Δղͷ૬ର l2 Λࣗ༝ࠩޡ

N ʹରͯ͠ϓϩοτ͍ͯ͠Δɽ͜͜Ͱɼjn ٿ Besselؔɼ

h(1)
n ୈ 1छٿ HankelؔɼPn  Legendreଟ߲ࣜͰ͋Γɼ

A′
n := j′n(ka)/h

(1)′
n (ka) Ͱ͋ΔʢϓϥΠϜ a ʹؔ͢Δඍ

Λද͢ʣɽ·ͨɼ૬ର l2 ΔͨΊͷ͢ࢉܭΛࠩޡ u ͷࢉܭ

ͷ֤ NURBSۂ໘্Ͱ 30× 30ɼ߹ܭ 5400Ͱ͋Δɽཁૉ

ׂͱਖ਼ଇԽΛซ༻͢Δ͜ͱʢਤதͷ࠶ “Both”ʣͰࠩޡͷ

ऩଋ͕·Δ͜ͱ͕Θ͔Δɽ
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10-7
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R
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Fig. 2 Relative l2 error of u. Here, “Subdiv.” and “Reg.”

stand for the element subdivision (recall Sections 4.4 and

4.5) and regularization (based on Eq. 3), respectively

6.2. ղੳײ

લઅͷٿʹΑΔࢄཚղੳͷઃఆͷجͰɼతؔ J =
|u(z1)|2

2 ͷٿܘ a ʹؔ͢Δײ ∂J
∂a Λ (21)ͷܗঢ়ಋؔΑ

ΓٻΊΔɽ͜ͷײͷີݫղɼ ∂J
∂a = ℜ

(
∂u
∂au

∗) Ͱ͋Δ͜
ͱ͔Βɼ্ʹड़ͨ u ؚ͕Ή A′

n ͷ a ʹؔ͢ΔඍΛ

ࣜ߃ΊΕΑ͘ɼٻ jn+1(z)nn(z) − jn(z)nn+1(z) = 1/z2



͓Αͼ jn+2(z)nn(z)− jn(z)nn+2(z) = (2n+3)/z3ʢͨͩ͠ɼ

nn ٿ NeumannؔʣΛ༻͍Δͱ, A′′
n = n2+1

ka4h
(1)′
n (ka)

ͱٻ

·Δɽ

ࣜ (23)ͷܗঢ়ಋؔʹײͮ͘ج ∂J
∂a ɼ੍ޚͷมԽ

 δCν ͕ −δan ʹ૬͢Δʢෛ߸๏ઢ n ʹͷଆٿ͕

͍͍ͯΔͨΊʣ͜ͱΑΓɼ

∂J
∂a

≈
N∑

ν=1

sν · n (24)

ͷΑ͏ʹٻ·Δɽ͜͜Ͱɼsν ͷࢉܭʹඞཁͳओ͓Αͼਵ

ͷղੳʹɼαϒཁૉׂͱਖ਼ଇԽΛซ༻ͨ͠ IGBEM

Λ༻͍ͨɽ

Table ղੳ݁ՌΛࣔ͢ɽະͷײʹ1 N ͷ૿Ճͱڞ

ʹ (24)ͷີݫղʹ͍͓ۙͮͯΓɼଥͳ݁Ռͱ͑ݴΔɽ

Table 1 Result for the shape sensitivity ∂J
∂a

N z1 = (0, 0, 1)T z1 = (1, 0, 0)T

384 3.157259e-01 6.837717e-01

866 3.170901e-01 6.923847e-01

2402 3.181013e-01 6.962599e-01

Exact 3.187004e-01 6.980664e-01

7. ݁

ຊจͰɼઌڀݚߦ (6) ͷৄࡉΛิ͏తͰಛҟੵͷ

ॲཧํ๏ʹΛ͓͍ͯɼ3ݩ࣍ Helmholtzํఔࣜʹର͢Δ

isogeomtricڥքཁૉ๏ʢIGBEMʣͷఆࣜԽΛͨͬߦɽͦ͠

ͯɼIGBEM͓Αͼਵม๏ʹܗͮ͘جঢ়ײղੳख๏Λ

ࣔͨ͠ɽ࣮ݧͰྑͳղੳ݁Ռ͕ಘΒΕɼຊղੳ

ख๏ͷଥੑ͕ࣔ͞Εͨͱ͑ߟΒΕΔɽ

దԽͷԠ༻Ͱ͋Δɽ·ͨɼຊจͰ࠷ঢ়ܗͷඪޙࠓ

ؒ࣌ࢉܭʹ͍͍ͭͯͯ͠ߟͳ͍͕ɼຊ IGBEMʹߴ

ଟॏۃ๏ͷߴԽख๏Λಋೖ (15) ͢Δඞཁ͋Δɽ

ँࣙɿຊڀݚՊݚඅʢ18K11335ʣͷॿͷݩʹ͠ߦ·͠

ͨɽ·ͨɼߍӾҕһΑΓ (15)ͱ (17)ͷࢉܭϛεΛࢦఠͯ͠

͖ɼղੳΛؚΊͯमਖ਼ͨ͠ɽँͯ͠هҙΛද͠·͢ɽ
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