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A SHAPE SENSITIVITY ANALYSIS BASED ON AN ISOGEOMETRIC BOUNDARY ELEMENT

METHOD FOR 3D ACOUSTIC PROBLEMS
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First, we formulate an isogeometric boundary element method (IGBEM) for the 3D

Helmholtz equation, focusing on the numerical treatment of the singular integral. Second,

we apply our IGBEM to the shape sensitivity analysis in the framework of the adjoint

variable method. Last, we perform some numerical experiments to validate the present

numerical methods.

Key Words : Boundary element method, Isogeometric analysis, NURBS, Shape sensi-
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1. ॹݴ

Խͷର৅ͱ͢ΔͨࢄքͷΈΛ཭ڥքཁૉ๏ʢBEMʣ͸ڥ

Ίʹɼܗঢ়ײ౓ղੳ͋Δ͍͸ܗঢ়࠷దԽ໰୊ʹదͨ͠ղ๏Ͱ

͋Δɽ͜ͷ௕ॴ͸ɼNURBSجఈΛิؒؔ਺͓Αͼܗঢ়ؔ਺

ͱ͢Δ཭ࢄԽମܥͰ͋Δ isogeometric ղੳʢIGAʣ(1) Λ࠾

ΓೖΕΔ͜ͱʹΑͬͯݦʹߋஶͱͳΔɽͳͥͳΒ͹ɼ(i) ղ

ੳର৅ͷද໘ʢڥքʣͷܗঢ়ͷม͕ߋ NURBSۂ໘Λఆٛ͢

Δ੍ޚ఺ͷมߋʹΑͬͯ༰қʹ͑ߦɼ·ͨ (ii) քϝογϡڥ

͸ NURBSۂ໘ͷϊοτ۠ؒΛ༻͍ͯ౳Ձతʹੜ੒͞ΕΔͷ

Ͱɼڥքܗঢ়ͷมߋʹ൐͏Ϧϝογϡ͸ϊοτૠೖʹΑͬͯ

ൺֱత༰қʹ͑ߦɼ͞Βʹɼ(iii) քม਺΋ڥ NURBSجఈʹ

Αͬͯิؒ͞Ε͍ͯΔͨΊʹɼܗঢ়ಋؔ਺Λ͢ࢉܭΔͨΊʹ

͠͹͠͹ඞཁͱͳΔ઀ઢඍ෼͕༰қʹࢉܭͰ͖ɼ͔͠΋ͦͷ

࿈ଓੑ΋՝͢͜ͱ͕Ͱ͖Δ͔ΒͰ͋Δɽ

ద࠷ঢ়ܗ౓ղੳ͋Δ͍͸ײ͍͓ͯʹڀݚɼIGBEMͷࡍ࣮

ԽΛѻͬͨ࿦จ͸ଟ͍ʢ2017೥ࠒ·Ͱͷڀݚಈ޲͸จݙ (2)

ΛࢀরʣɽதͰ΋ɼIGA͕ CADιϑτ΢ΣΞʢϞσϥʣͱ

ͷγʔϜϨεͳ઀ଓ͕ᨳ͍จ۟Ͱ͋Δ͜ͱ΋͋ͬͯɼCAE

ͱ਌ີͳߏ଄ྗֶʢԠྗղੳʣΛର৅ͱ͕ͨ͠ڀݚ΄ͱΜͲ

Ͱ͋ΔɽҰํɼBEM ͕༗རͱ͞ΕΔ೾ಈ໰୊ (3) ʹؔ͢Δ

ݩ࣍͸গ਺Ͱ͋Δɽ2ྫڀݚ Helmholtzํఔࣜʹ͍ͭͯ͸จ
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ݙ (4, 5, 2) ݩ࣍ΒΕΔ͕ɼ3͛ڍ͕ Helmholtzํఔࣜʹؔ͢

Δ࿦จ͸චऀΒͷ஌ΔݶΓͰ͸ͳ͍ɽ

ͦ͜Ͱຊ࿦จ͸ɼ3ݩ࣍Helmholtzํఔࣜʹର͢Δ IGBEM

ͷߏஙͱͦͷײ౓ղੳ΁ͷద༻Λ໨తͱ͢Δɽલऀͷߏஙʹ

ؔͯ͠͸ઌڀݚߦ (6, 7, 8) ͕ଘ͢ࡏΔɽதͰ΋ɼSimpsonΒ

ͷڀݚ (6)͸࣭ͱྔͰڞʹ༏Ε͓ͯΓɼຊڀݚͰࣔ͢ IGBEM

΋಺แ͍ͯ͠Δɽͦ͜Ͱຊ࿦จ͸ɼ࣮ࡍʹ໰୊ͱͳΔಛҟੵ

෼ʢ͓Αͼۙಛҟੵ෼ʣͷํ๏ʹ͍ͭͯৄ͘͠ड़΂Δ͜ͱΛ

ओ؟ͱ͢ΔɽҰํɼऀޙͷײ౓ղੳʹ͍ͭͯ͸طԟͷਵ൐ม

਺๏ʹͮ͘جղੳख๏Ͱ͋ͬͯɼཧ࿦తʹಛʹ໨৽͠͞͸ͳ

͍͕ɼචऀΒ͕ ݩ࣍2 Helmholtzํఔࣜʹؔ͢Δ IGBEMΛ

ڀݚߦదԽʹԠ༻ͨ͠ઌ࠷ঢ়ܗ (2) ʹ฿ͬͯɼIGBEM ͷಛ

௃Λܗ͔ͨ͠׆ঢ়ಋؔ਺ͷ཭ࢄදݱΛಋ͘ɽ

ҎԼɼ2અͰ͸ղ͘΂͖ڥք஋໰୊ͱڥքੵ෼ํఔࣜʹͭ

͍ͯड़΂Δɽ3અͰ͸ͦͷ IGBEMΛఆࣜԽ͢Δɽಛҟੵ෼

ͷධՁख๏ʹ͍ͭͯ͸અΛվΊͯ 4 અʹड़΂Δɽߏ੒ͨ͠

IGBEMʹܗͮ͘جঢ়ײ౓ղੳख๏Λ 5અʹड़΂Δɽ6અͰ

͸਺஋ղੳʹΑͬͯຊ IGBEM͓Αͼײ౓ղੳख๏ͷଥ౰ੑ

Λ͢ূݕΔɽޙ࠷ɼ7અͰຊڀݚΛ݁࿦͢Δɽ

2. ໰୊ఆٛͱڥքੵ෼ํఔࣜ

ͷ࣍ ݩ࣍3 Helmholtzํఔࣜʹؔ͢Δ֎෦ Neumannڥք



஋໰୊ʢࢄ͍ߗཚମʹΑΔԻࢄڹཚ໰୊ʣΛ͑ߟΔɿ

△u+ k2u = 0 in V ⊂ IR3 (1a)

∂u
∂n

= 0 on S := ∂V (1b)

u(x) → uinc(x) as |x| → ∞ (1c)

͜͜ʹɼk ͸೾਺ɼn ͸ڥք S ʹର͢Δ֎͖޲୯Ґ๏ઢϕΫ

τϧΛද͢ɽ͜ͷ໰୊Λ࣍ͷڥքੵ෼ํఔࣜΛ༻͍ͯղ͘ɿ

C(x)u(x) +

∫

S

∂G
∂ny

(x,y)u(y)dSy = uinc(x) for x ∈ S

(2)

͜͜ͰɼC(x) ͸ࣗ༝߲Ͱ͋Γɼ׈Β͔ͳҐஔͰ͋Ε͹ 1
2 Ͱ

͋Δ͕ɼͦ͏Ͱͳ͍৔߹ʹ͸ࣜ࣍ΑΓٻΊΔɿ

C(x) = 1−
∫

S

∂Γ
∂ny

(x,y)dSy (3)

͜͜ʹɼΓ(r) := 1
4π|r| ͸ ݩ࣍3 LaplaceํఔࣜͷجຊղͰ͋

Δɽࣜ (3)Λ༻͍Δ͜ͱ͸ਖ਼ଇԽʹଞͳΒͳ͍ɽ

3. Isogeometricղੳ

ຊڀݚͰ͸ɼݩདྷͷ IGAͷ֓೦ (1) ʹଇΓɼڥքੵ෼ํఔ

ࣜ (2)ʢ͓Αͼࣗ༝߲Λܾఆ͢ΔͨΊͷ (3)ʣͷܗঢ়ؔ਺͓Α

ͼิؒؔ਺ͱͯ͠ NURBSجఈΛ࠾༻͢Δɽͳ͓ɼ(2)ͷղ

๏͸બ఺๏Λ༻͍Δɽ

3.1. քڥ S ͷදݱ

໘ʣSۂքʢดڥ ͸ෳ਺ͷ NURBSۂ໘Λ࿈݁ͯ͠ද͢ݱ

Δɽ֤ NURBSۂ໘͸্ܗ࢛֯Ͱఆٛ͞ΕΔ΋ͷͱͯ͠ɼۂ

໘ύϥϝʔλ s ∈ [0, 1] ͓Αͼ t ∈ [0, 1] Λಋೖ͢Δɽ͜ͷͱ

͖ɼ͋Δ NURBSۂ໘ Π ্ͷ೚ҙ఺ y ͸࣍ͷΑ͏ʹ༩͑Β

ΕΔɿ

y(s, t) =

∑ns−1
k=0

∑nt−1
l=0 wklN

ps
k (s)Npt

l (t)Ckl∑ns−1
k′=0

∑nt−1
l′=0 wk′l′N

ps
k′ (s)N

pt
l′ (t)

=
∑

k,l

wklNkl(s, t)
W (s, t)

Ckl (4)

͜͜ʹɼNp
k ͸ k ൪໨ͷ p ࣍ B-splineؔ਺ɼwkl ͱ Ckl ͸

(k, l) ൪໨ͷॏΈͱ੍ޚ఺Λද͢ɽ࣍਺ʢpsɼptʣɼॏΈ͓Α

ͼ੍ޚ఺͸ද͍ͨ͠ݱ S ͷܗঢ়ʹԠͯ͡ఆ·ΔྔͰ͋Δɽ

؆୯ͷͨΊʹɼੵ Nps
k (s)Npt

l (t) Λ Nkl(s, t) ͱද͠ɼ૯࿨
∑

k′
∑

l′ wk′l′Nk′l′(s, t) Λ W (s, t) ͱදͨ͠ɽ

B-splineؔ਺Λఆٛ͢ΔͨΊͷϊοτྻ {si}ns+ps
i=0 ͓Αͼ

{tj}nt+pt
j=0 ͸ɼҰൠʹ͸ඇݮগྻͰ͋Ε͹Α͍ɽຊڀݚͰ͸ɼ

NURBSۂ໘ͷԑʹ֎पͷ੍ޚ఺͕ඞͣҐஔ͢ΔΑ͏ʹɼϊο

τྻ {si} ʢಉ {tj}ʣͷ࠷ॳͱޙ࠷ͷ ps + 1ʢಉ pt + 1ʣݸ

ͷϊοτ͸ͦΕͧΕॏͶΔɽ

3.2. քม਺ڥ u ͷදݱ

͋ΔNURBSۂ໘ Π্ͷڥքม਺ u΋࣍ͷΑ͏ʹNURBS

ఈͷ௚ੵʹΑΓิؒ͢Δɿج

u(s, t) =
∑

k,l

wklNkl(s, t)
W (s, t)

ukl (5)

͜͜Ͱɼukl ͸ٻΊΔ΂͖ະ஌ม਺Ͱ͋Δɽͳ͓ɼclamped

ͳϊοτΛ༻͍͍ͯΔͨΊʹɼΠ ͷԑ্ʹҐஔ͢Δ఺ Ckl ʹ

͓͚Δ u ͸܎਺ ukl Ͱද͞ݱΕΔɽͦͷଞͷ܎਺ ukl ͸ u

ͱಉ͡ݩ࣍Λ͕ͭ࣋෺ཧతͳҙຯ͸໌֬Ͱ͸ͳ͍ɽ

քม਺ڥ u ͸ NURBSۂ໘ಉ࢜ͷަઢ͋Δ͍͸ަ఺ʹ͓

͍ͯ࿈ଓͰ͋Δඞཁ͕͋Δɽ͜ͷ࿈ଓੑͷ৚݅͸ɼ౳͋͘͠

Δ΂͖ະ஌ม਺ʹಉҰͷάϩʔόϧͳະ஌൪߸Λ༩͑Ε͹ߟ

ྀͰ͖Δɽྫ͑͹ɼ͋Δ NURBSۂ໘ Π ͷԑͷ্ͷ੍ޚ఺

Ckl ͱผͷۂ໘ Π′ ͷԑͷ্ͷ੍ޚ఺ C′
k′l′ ͕ಉ͡ҐஔΛ઎

ΊΔͱ͢ΔʢಉҰ͔൱͔͸ೋ఺ؒͷڑ཭ʹΑͬͯ൑ఆ͢Δʣɽ

͜ͷͱ͖ɼ͜ΕΒೋͭͷ੍ޚ఺ʹ͸ɼશͯͷ NURBSۂ໘ʹ

౉ͬͯάϩʔόϧͳΠϯσοΫε ν Λ༩͑Δɽ͜ΕΛ໘ Π

͓Αͼ Π′ Ͱ͸ͦΕͧΕ (k, l) '→ ν ͓Αͼ (k′, l′) '→ ν ͱͬݴ

ͨରԠؔ܎ʢࣸ૾ Ψʣͱͯ͠هԱ͢Δɽ͜͜Ͱɼ(4)ͱ (5)Λ

ൺֱͯ͠Θ͔ΔΑ͏ʹɼ੍ޚ఺ Ckl ͱະ஌ม਺ ukl ͸ର౳

Ͱ͋Δ͔Βɼࣸ૾ Ψ ͸ϩʔΧϧͳະ஌ม਺ͷΠϯσοΫε

ʹάϩʔόϧͳະ஌ม਺ͷΠϯσοΫεΛׂΓ౰ͯΔࣸ૾ͱ

ͯ͠΋͑࢖Δɽ

·ͨɼࣸ૾ Ψ ʹΑͬͯɼS ্ͷ೚ҙ఺ y ͓Αͼڥքม਺

u ͸ɼS Λߏ੒͢Δ NURBSۂ໘ͷΠϯσοΫεΛཅʹ༻͍

Δ͜ͱແ͠ʹɼ

y(s, t) =
N∑

ν=1

Rν(s, t)Cν , u(s, t) =
N∑

ν=1

Rν(s, t)uν (6)

ͷΑ͏ʹදݱͰ͖Δɽ͜͜ͰɼRν ͸ରԠ͢Δ NURBSۂ໘

ͷجఈ wklNkl
W Λද͠ɼN ͸ʢάϩʔόϧͳʣະ஌਺ͷ਺Λ

ද͢ɽ

3.3. Խࢄքੵ෼ํఔࣜͷ཭ڥ

ࣜ (6)ͷ྆ࣜΛڥքੵ෼ํఔࣜ (2)ʹ୅ೖ͢Δͱɼ࣍ͷઢ

ఔࣜΛಘΔɿํܗ

C(x(ŝ, t̂))
N∑

ν=1

Rν(ŝ, t̂)uν

+

∫

S

∂G
∂ny

(x(ŝ, t̂),y(s, t))
N∑

ν=1

Rν(s, t)dSyuν

= uinc(x(ŝ, t̂)) (7)

͜͜Ͱɼ(ŝ, t̂) ͸ڥքબ఺ x ʹରԠ͢Δۂ໘ύϥϝʔλͰ͋

Γɼŝ͓Αͼ t̂͸Greville࠲ඪ (5)ʹΑͬͯఆΊΔɽ֤ NURBS

໘͸ۂ clampedϊοτΛ༻͍ͯுΒΕ͍ͯΔͨΊɼ֎पͷڥ

քબ఺͸ NURBSۂ໘ͷԑʹ഑ஔ͞ΕΔɽ͜ͷͱ͖ɼྡ઀͢

Δ NURBSۂ໘ͷڥքબ఺ͱॏͳͬͯ͠·͏͕ɼ্ࣸͨ͠ه

૾ Ψ Λར༻ͯ͠ॏͳͬͨڥքબ఺ΛಉҰ͢ࢹΕ͹ɼબ఺ͷ

਺͸ະ஌਺ͷ਺ N ͱҰகͤ͞Δ͜ͱ͕Ͱ͖Δɽ

ࣜ (7) ͸ཁૉ Eijʢisogeometric ཁૉʣΛಋೖ͢Δ͜ͱʹ

Αͬͯ੔ཧͰ͖ΔɽEij ͸ɼύϥϝʔλ্ۭؒͰ {(s, t) | si ≤
s < si+1, tj ≤ t < tj+1} ʹ૬౰͢Δ S ͷ෦෼Λද͢ɽࠓɼ

ϊοτྻ͸ clampedͰ͋Δ͔Βɼڥքੵ෼Λ͏ߦ΂͖ཁૉͷ

ൣғ͸ɼps ≤ i ≤ ns − 1 ͔ͭ pt ≤ j ≤ nt − 1 ఆ͞ΕΔɽݶʹ

·ͨɼ૯࿨
∑

ν ͸ Ei,j ʹ୆Λͭ࣋ NURBSجఈ͚ͩʹݶఆ

Ͱ͖Δɽ͜͜ͰɼNps
k (s) ͷ୆͸ [sk, sk+ps+1] Ͱ͋Δ͜ͱʹ



஫ҙ͢ΔɽҎ্ΑΓɼ(7)͸࣍ͷΑ͏ʹॻ͚Δɿ

C(x(ŝ, t̂))
ps∑

k=i−ps−1

pt∑

l=j−pt−1

wklNkl(ŝ, t̂)

W (ŝ, t̂)
ukl

+
∑

Π

ns−1∑

i=ps

nt−1∑

j=pt

∫

Eij

∂G
∂ny

(x(ŝ, t̂),y(s, t))

×
ps∑

k=i−ps−1

pt∑

l=j−pt−1

wklNkl(s, t)
W (s, t)

dSyukl

= uinc(x(ŝ, t̂)) (8)

͜͜ʹɼ
∑

Π ͸ S Λߏ੒͢Δ NURBSۂ໘ʹؔ͢Δ૯࿨Λ

ද͢ɽ

ຊڀݚͰ͸ɼ(8)Λ LU෼ղΛ༻͍ͯղ͘ɽղ ukl ͔Β (5)

ʹΑΓ S ্ͷ u Δɽ·ٻ͕

4. քੵ෼ͷධՁڥ

ࣜ (8) ΕΔೋॏ૚ϙςϯγϟϧͷಛҟੵ෼͓Αͼۙݱʹ

ಛҟੵ෼ͷධՁํ๏ʹ͍ͭͯৄ͘͠ड़΂ΔɽݤͱͳΔͷ͸

Lachat-Watsonͷม਺ม׵ (9) Ͱ͋Δ͕ɼͦͷม׵ʹΑͬͯ

ʢऑ͍ʣಛҟੑΛཅʹΩϟϯηϧ͢ΔͨΊͷ४උ͔Β࢝ΊΔɽ

4.1. ४උ

બ఺ x(ŝ, t̂) Λͦͷ಺෦͋Δ͍͸ԑʹؚΉཁૉ Eij ্Ͱͷ

ೋॏ૚ϙςϯγϟϧͷಛҟੵ෼Λ͑ߟΔɽ·ͣɼ૬ରҐஔϕ

Ϋτϧ r ͸ (4)ΑΓ࣍ͷΑ͏ʹද͢͜ͱ͕Ͱ͖Δɿ

r(s, t) := x(ŝ, t̂)− y(s, t) =
∑

k,l

wkl
Xkl(s, t)

W (ŝ, t̂)W (s, t)
Ckl (9)

͜͜ʹɼ

Xkl(s, t) := W (s, t)Nkl(ŝ, t̂)−W (ŝ, t̂)Nkl(s, t)

=
∑

k′,l′

wk′l′
(
Yk′l′(s, t)Nkl(ŝ, t̂)− Ykl(s, t)Nk′l′(ŝ, t̂)

)
(10)

Ykl(s, t) := Nkl(s, t)−Nkl(ŝ, t̂) (11)

,ɼYkl(sʹ࣍ t) Λ s ͓Αͼ t ͷଟ߲ࣜͱͯ͠ཅʹද͢ɽB-

spline ఈج Nps
k (s) ͱ Npt

l (t) ͕ͦΕͧΕ ps ͱ࣍ pt ͷଟ࣍

߲ࣜͰ͋Δ͜ͱ͔ΒɼͦΕΒ͸

Nps
k (s) =

ps∑

i=0

ck,is
i, Npt

l (t) =
ps∑

j=0

dl,jt
j (12)

ͱද͢͜ͱ͕Ͱ͖Δɽ܎਺ ck,i ͸࿈ཱઢํܗఔࣜ
⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 s̄0 s̄20 · · · s̄ps0

1 s̄1 s̄21 · · · s̄ps1

1 s̄2 s̄22 · · · s̄ps2
...

...
...

. . .
...

1 s̄ps s̄2ps · · · s̄psps

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

ck,0

ck,1

ck,2
...

ck,ps

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

Nps
k (s̄0)

Nps
k (s̄1)

Nps
k (s̄2)
...

Nps
k (s̄ps),

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

͔ΒܾఆͰ͖Δɽ͜͜Ͱɼs̄m ͸͍ͯ͑ߟΔ۠ؒ [sl, sl+1]

্ͰҰ༷ʹαϯϓϧͨ͠఺ɼͭ·Γ s̄m := ps−m
ps

sl + m
ps
sl+1

ʢm = 0, . . . , psʣͰ͋Δɽ͜ ͷ৔߹ɼ܎਺ྻߦ͸Vandermonde

ͷ਺஋ղੳͰ͸ࡍͱͳΔͨΊʹਖ਼ଇͰ͋Δɽ࣮ྻߦ LU෼ղ

ʹΑͬͯ܎਺ΛٻΊΔʢ͜ͷҙຯͰຊੵ෼ํ๏͸൒ղੳతͰ

͋Δʣɽ܎਺ dl,j ΋ಉ༷ʹͯ͠ٻΊΔɽ

͜ͷͱ͖ɼ(11)ͷ Ykl ͸࣍ͷΑ͏ʹද͢͜ͱ͕Ͱ͖Δɿ

Ykl(s, t) =
ps∑

i=0

pt∑

j=0

ck,idl,j(s
itj − ŝi t̂j)

͜͜Ͱɼӈลͷ sitj − ŝi t̂j ͸

(s− ŝ)

(
i−1∑

m=0

smŝi−1−m

)
tj + t̂j

2

+(t− t̂)

(
j−1∑

m=0

tm t̂j−1−m

)
si + ŝi

2
.

ͱมܗͰ͖ΔͷͰɼࣜ࣍ΛಘΔɿ

Ykl(s, t) = (s− ŝ)Dkl(s, t) + (t− t̂)Ekl(s, t) (13)

͜͜ʹɼ

Dkl(s, t) :=
ps∑

i=0

ck,i

i−1∑

m=0

smŝi−1−m
pt∑

j=0

dl,j
tj + t̂j

2

Ekl(s, t) :=
ps∑

i=0

ck,i
si + ŝi

2

pt∑

j=0

dl,j

j−1∑

m=0

tm t̂j−1−m

ͳ͓ɼ(12)ΑΓɼ্ࣜͷ
∑ps

i=0 ck,i
si+ŝi

2 ͱ
∑pt

j=0 dl,j
tj+t̂j

2 ͸

ͦΕͧΕ
Nps

k
(s)+Nps

k
(ŝ)

2 ͱ
N

pt
l

(t)+N
pt
l

(t̂)

2 ʹॻ͖͑׵Δ͜ͱ

͕Ͱ͖Δɽࣜ (13)ΑΓɼ(10)ͷ Xkl ΋ Dkl ͱ Ekl Λ༻͍ͯ

දݱͰ͖Δɽ͜ͷͱ͖ɼ(9)ͷ r ͓Αͼͦͷେ͖͞ r ͸࣍ͷ

Α͏ʹॻ͚Δɿ

r(s, t) =
∑

k,l

wkl

∑

k′,l′

wk′l′
Ckl

W (ŝ, t̂)W (s, t)

×
[{

(s− ŝ)Dk′l′(s, t) + (t− t̂)Ek′l′(s, t)
}
Nkl(ŝ, t̂)

−
{
(s− ŝ)Dkl(s, t) + (t− t̂)Ekl(s, t)

}
Nk′l′(ŝ, t̂)

]

= (s− ŝ)F (s, t) + (t− t̂)G(s, t) (14)

r(s, t)

=
√

(s− ŝ)2F · F + 2(s− ŝ)(t− t̂)F ·G+ (t− t̂)2G ·G

(15)

͜͜ʹɼ

F (s, t) :=
∑

k,l

wkl

∑

k′,l′

wk′l′
Ckl

W (ŝ, t̂)W (s, t)

×
{
Dk′l′(s, t)Nkl(ŝ, t̂)−Dkl(s, t)Nk′l′(ŝ, t̂)

}

=

∑
k,l wklDkl(s, t)(x−Ckl)

W (s, t)

Ͱ͋ΓɼG ͷఆٛ͸ɼ্ࣜͷӈลͷؔ਺ D Λ E Ͱஔ͖͑׵

ͨ΋ͷͰ͋Δɽ

4.2. ม਺ม׵

ཁૉ Eij Λ Fig. ෼ׂ͢ΔɽҎʹܗ֯ࡾͷ࢛ͭʹͷΑ͏ࠨ1

Լɼਤதͷܗ֯ࡾ ABC্ͷಛҟੵ෼

I(x) :=

∫

ABC

r · n
r3

φdSy =

∫

ABC

r · n
r3

φJdsdt

Λ͑ߟΔɽ͜͜ͰɼJ(s, t) :=
∣∣∂y
∂s × ∂y

∂t

∣∣Ͱ͋Δɽ·ͨɼؔ਺
φ ͸ (1− ikr)eikr ͱ NURBSجఈͷੵͰ͋Γɼ఺ Cʢબ఺ʣ

ΛؚΊͯਖ਼ଇͰ͋Δ͔ΒɼҎԼͷٞ࿦Ͱ͸໰୊ͱͳΒͳ͍ɽ



ੵ෼͕֩఺Cʹ͓͍ͯ༗͢Δಛҟੑ͸ɼద౰ͳੵ෼ม਺ͷ

ม׵Λ͏ߦͱΩϟϯηϧͰ͖ΔɽຊڀݚͰ͸ Lachat-Watson

ͷม਺ม׵ (9) Λ༻͍Δɽ͢ͳΘͪɼม਺ s ͱ t Λ࣍ͷΑ͏

ͳม਺ ξ ͱ η ʹΑͬͯද͢ɿ

s = ŝ+ ξ(a− ŝ) + ξη(b− a) for 0 ≤ ξ, η ≤ 1

͜͜ʹɼs := ( s
t ), ŝ :=

(
ŝ
t̂

)
, a :=

−→
OA = ( as

at ) ͓Αͼ b :=
−−→
OB =

(
bs
bt

)
Ͱ͋Δɽ͜ͷͱ͖ɼ

∂s
∂ξ

= (a− ŝ) + η(b− a) =: h =:
(
hs
ht

)
,

∂s
∂η

= ξ(b− a)

Ͱ͋Δ͔ΒɼϠίϏΞϯ͸࣍ͷΑ͏ʹࢉܭͰ͖Δɿ
∣∣∣∂s
∂ξ

∂s
∂η

∣∣∣=ξ
{
(as − ŝ)(bt − at)− (at − t̂)(bs − as)

}

=:ξQ(ξ, η)

͜ͷͱ͖ɼs− ŝ = ξhs ͓Αͼ t− t̂ = ξht Ͱ͋Δ͔Βɼ(14)

ͱ (15)ΑΓҎԼͷ͕ؔࣜ܎ಘΒΕΔɿ

r = ξ (hsF + htG) (16)

r = ξ
√

h2
sF · F + 2hshtF ·G+ h2

tG ·G =: ξR(ξ, η) (17)

ূ໌ʹ͸͍ͯͬࢸͳ͍͕ɼۂ໘ S ΓɼݶΛ͠ͳ͍ࠩަݾ͕ࣗ

ؔ਺ R ͸ਖ਼஋Ͱ͋Δͱ͑ߟΒΕΔɽ

Fig.1 Split of the element Eij into four sub-triangles (left),

and subdivision of the triangle ABC (of level 0) into sub-

triangles of levels 1, . . . , D − 1 by the coloured edges (right)

4.3. ೋॏ૚ϙςϯγϟϧͷಛҟੵ෼

๏ઢϕΫτϧ n ͕

n =
∂y
∂s × ∂y

∂t

| ∂y∂s × ∂y
∂t |

=:
N
J

ͱද͞ΕΔ͜ͱ͔Βɼ(16)͓Αͼ (17)ΑΓɼܗ֯ࡾ ABC্

ͷೋॏ૚ϙςϯγϟϧ I ͸࣍ͷΑ͏ʹධՁͰ͖Δɿ

I(x) =

∫ 1

0

∫ 1

0

(
(s− ŝ)F + (t− t̂)G

)
·N

ξ3R3
φξQdξdη

͜͜Ͱɼ

N =
∂(x− r)

∂s
× ∂(x− r)

∂t
=

∂r
∂s

× ∂r
∂t

Ͱ͋Δ͔ΒɼN Λ (16)ʹΑͬͯ F ͓Αͼ G Λ༻͍ͯද͢

ͱɼI ͷඃੵ෼ؔ਺ͷ෼ࢠͷ֤߲͸࣍ͷΑ͏ʹॻ͖ԼͤΔɿ

(s− ŝ)F ·N

=ξ2
(
[F ,F s,F t]ξh

3
s + [F ,F s,Gt]ξh

2
sht + [F ,F s,G]h2

s

+ [F ,Gs,F t]ξh
2
sht + [F ,Gs,Gt]ξhsh

2
t + [F ,Gs,G]hsht

)

= : ξ2f(ξ, η)

(t− t̂)G ·N

=ξ2
(
[G,F s,F t]ξh

2
sht + [G,F s,Gt]ξhsh

2
t + [G,F ,F t]hsht

+ [G,F ,Gt]h
2
t + [G,Gs,F t]ξhsh

2
t + [G,Gs,Gt]ξh

3
t

)

= : ξ2g(ξ, η)

͜͜ʹɼF s := ∂F
∂s ౳Ͱ͋Γɼඍ෼͸ཅʹ࣮ߦͰ͖Δɽ·ͨɼ

[ ] ͸εΧϥʔࡾॏੵΛද͢ɽΏ͑ʹɼࣜ࣍ΛಘΔɿ

I(x) =

∫ 1

0

∫ 1

0

f + g
R3

φQdξdη (18)

4.4. αϒཁૉ෼ׂ

ࣜ (18) ͷੵ෼͸ಛҟੑΛͣͨ࣋ɼξ ͱ η ͷͦΕͧΕʹҰ

ͷޙGaussੵ෼ެࣜΛద༻ͯ͠ධՁͰ͖Δɽͱ͜Ζ͕ɼݩ࣍

਺஋࣮ݧͰΘ͔ΔΑ͏ʹɼߴਫ਼౓ͷ਺஋݁ՌΛಘΔͨΊʹ͸

୯७ͳద༻Ͱ͸ෆे෼Ͱ͋Δɽ

ͦ͜ͰຊڀݚͰ͸ɼจݙ (10) Λߟࢀͱͯ͠ɼFig. 1ӈͷΑ

͏ʹ஫໨͢Δܗ֯ࡾ ABCΛؼ࠶తʹ࠶෼ׂ͢Δํ๏ʢαϒ

ཁૉ෼ׂʣΛ࠾༻͢Δɽ͢ͳΘͪɼABCΛ࢛ͭͷܗ֯ࡾʹ

෼ׂ͢Δʢਤதͷ੺৭ͷลΛૠೖͯ͠͏ߦʣɽͦΕΒΛϨϕ

ϧ 1ͷܗ֯ࡾͱݺͿɽଓ͍ͯɼϨϕϧ 1ͷ֤ܗ֯ࡾΛ෼ׂ͠

ͯϨϕϧ 2ͷܗ֯ࡾΛ࡞Δʢ྘৭ͷลΛૠೖ͢Δʣɽ͜ΕΛ

Λ෼ׂ͢Δ৚݅͸ɼܗ֯ࡾΓฦ͢ɽ͋ΔϨϕϧͷ܁ʹతؼ࠶

(i) ͦͷϨϕϧ͕ D− 1 ҎԼͰ͋Δ͜ͱɼ͔ͭ (ii) d < 3h ͕

ຬͨ͞ΕΔ͜ͱͰ͋Δɽ͜͜ͰɼD ͸ॴఆͷ਺ʢ6અͷ਺஋

Ͱ͸ݧ࣮ D = 7 ͱͨ͠ʣɼd ͸બ఺ xʢ఺ Cʣ͔Β஫໨͢Δ

཭Ͱ͋Γɼhڑͷਤ৺·Ͱͷܗ֯ࡾ ͸ͦͷܗ֯ࡾͷ໘ੵͷฏ

ํࠜͰ͋Δɽ

Ҏ্ͷखଓ͖ʹΑͬͯੜ੒͞ΕͨϨϕϧ D − 1 ·Ͱͷࡾ

ɼ఺ͯؔ͠ʹܗ֯ CΛؚΉ্ܗ֯ࡾͷੵ෼ʹ͍ͭͯ͸ 4.3અ

ʹैͬͯධՁ͠ɼͦͷଞͷ্ܗ֯ࡾͷੵ෼ʹ͍ͭͯ͸ܗ֯ࡾ

༻ Gaussੵ෼ެࣜʹΑͬͯධՁ͢Δɽ6અͷ਺஋࣮ݧͰ͸ 7

఺ͷੵ෼ެࣜΛ༻͍ͨɽ

4.5. ۙಛҟੵ෼ͷධՁ

ಛҟੵ෼ʹαϒཁૉ෼ׂΛద༻ͨ͠৔߹ɼೋ࣍తʹਫ਼౓্

ͰॏཁͱͳΔͷ͸ɼબ఺ͱ͍ۙཁૉʹؔ͢Δੵ෼ʢۙಛҟੵ

෼ʣͰ͋Δɽۙಛҟੵ෼΋αϒཁૉ෼ׂʹΑΓධՁ͢Δɽ͢

ͳΘͪɼ஫໨͢Δ Eij Λ࢛ͭͷܗ࢛֯ʹ౳෼͠ɼd < 3h ͕

ຬ଍͞ΕΔ·Ͱ෼ׂΛؼ࠶తʹ܁Γฦ͢ɽ͜͜Ͱɼd ͸બ఺

ͱαϒܗ࢛֯ͷਤ৺ͱͷڑ཭ɼh ͸ͦͷαϒܗ࢛֯ͷ໘ੵͷ

ฏํࠜͰ͋Δɽ

5. ౓ղੳײঢ়ܗ

Ҏ্Ͱߏ੒ͨ͠ IGBEMͱਵ൐ม਺๏ʹܗͮ͘جঢ়ײ౓ղ

ੳख๏Λड़΂Δɽ

5.1. ঢ়ಋؔ਺ܗదԽ໰୊ͱ࠷ঢ়ܗ

ຊ࿦จͰ͸ɼ໨తؔ਺ J Λॴఆͷ؍ଌ఺ zm ∈ V ʹ͓͚

ΔԻѹ u ͷ࿨ͱͯ͠ఆٛ͢Δɿ

J (u;S) :=
M∑

m=1

|u(zm)|2

2
(19)



ࣜ (19)ͷ J ʹؔ͢Δܗঢ়ಋؔ਺ S ͸ɼϵ Λඍখͳ਺ͱ͢

Δͱ͖ɼS ্ͷ֤఺ y Λ ϵV (y) ͚ͩҠಈͯ͠ੜ͡Δ৽ͨͳ

քڥ S̃ ͱԻ৔ ũ ʹؔ͢Δ໨తؔ਺ J (ũ; S̃) Λ ϵ ʹ͍ͭͯల

։ͨ͠ͱ͖ʹಘΒΕΔ ϵ ͷ ਺Ͱ͋Δɿ܎ͷ߲ͷ࣍1

J (ũ; S̃) = J (u;S) + ϵS(u;S) +O(ϵ2) (20)

͜͜ͰɼS ͸࣍ͷΑ͏ʹಋ͘͜ͱ͕Ͱ͖Δʢྫ͑͹จݙ (11)ʣɿ

S(u;S) = ℜ
∫

S

(
k2λ∗u−∇λ∗ ·∇u

)
V · ndS (21)

͜͜ʹɼ()∗ ͸ෳૉڞ໾ɼu ͸ (1)ͷ໰୊ʢओ໰୊ʣͷղɼλ

͸࣍ͷਵ൐໰୊ͷղͰ͋Δɿ

△λ(x) + k2λ(x) = −
∑

m

u(x)δ(x− zm) in V (22a)

∂λ
∂n

= 0 on S (22b)

λ(x) → 0 as |x| → ∞ (22c)

͜͜Ͱɼ(22a)ͷӈลͷ u(zm) ͸ɼओ໰୊Λղ͍ͨޙʹ಺఺

Λࣜ͠ܗΔɽ·ͨɼਵ൐໰୊͸ओ໰୊ͱಉ͡·ٻΑΓʹࢉܭ

͓ͯΓɼຊ IGBEMΛ༻͍ͯղ͘͜ͱ͕Ͱ͖Δɽ

5.2. Խࢄঢ়ಋؔ਺ͷ཭ܗ

਺஋ղੳͰ͸ɼඍখมܗ ϵV ͸༗ݶͱͯ͠༩͑Δඞཁ͕͋

ΔɽIGBEMͰ͸ɼڥք্ͷ೚ҙ఺ y ͕ NURBSجఈΛ༻͍

ͯ (6)ͷୈҰࣜͷΑ͏ʹද͞ݱΕΔͷͰɼͦͷมܗલޙͷࠩ

ͱͯ͠ ϵV (y) Λ࣍ͷΑ͏ʹۙ͢ࣅΔͷ͕߹ཧతͰ͋Δ (2)ɿ

ϵV (y) ≈ ỹ(s, t)− y(s, t) =
N∑

ν=1

Rν(s, t)δCν

͜͜ʹɼδCν ͸ڥք S Λੜ੒͢Δ੍ޚ఺ Cν ͱ S̃ Λੜ੒͢

Δ੍ޚ఺ C̃ν ͷมԽྔͰ͋Δɽ͜ͷͱ͖ɼ(20)ͷ J (ũ; S̃) ͸

ԽͰ͖ΔɿࢄͷΑ͏ʹ཭࣍

J (ũ; S̃) ≈ J (u;S) +
N∑

ν=1

sν(u;S) · δCν +O(ϵ2) (23)

͜͜ʹɼ

sν(u;S) := ℜ
∫

S

(
k2λ∗u−∇λ∗ ·∇u

)
RνndS

ͳ͓ɼ∇u ͸ڥք৚݅ (1b)ʹΑΓ๏ઢ੒෼Λͨ࣋ͳ͍͜ͱ͔

Β࣍ͷΑ͏ʹද͢͜ͱ͕Ͱ͖Δ (12)ɿ

∇u =
1
J

(
∂u
∂s

t× n+
∂u
∂t

n× s

)

͜͜ʹɼs := ∂y
∂sɼt := ∂y

∂t Ͱ͋Δʢ͜ͷͱ͖ J = |s× t|ʣɽ
઀ઢඍ෼ ∂u

∂s ͓Αͼ
∂u
∂t ͸ɼNURBSجఈΛඍ෼͢Δ͜ͱʹ

Αͬͯ༰қʹࢉܭͰ͖Δɽ∇λ ʹ͍ͭͯ΋ಉ༷Ͱ͋Δɽ

཭ࢄԽ͞Εͨײ౓ sν ͷڥքੵ෼͸ಛҟੑ͕ͳ͍ͨΊɼ

isogeometric ཁૉຖʹ Gauss ੵ෼ެࣜʹΑͬͯධՁͰ͖Δɽ

6. ਺஋࣮ݧ

਺஋࣮ݧʹΑͬͯ։ൃͨ͠ IGBEMͱײ౓ղੳख๏ͷଥ౰

ੑΛ͢ূݕΔɽ

6.1. ཚղੳࢄ

ܘ఺த৺ɼ൒ݪʢٿ 0.5ʣʹ +x3 ਐΉฏ໘ೖࣹ೾ʹ޲ํ

uinc(x) = eikx3 Λೖࣹ͢Δࢄཚ໰୊Λղ͘ɽ͜ͷ໰୊ʹ͸ݫ

ີղ͕ଘ͢ࡏΔͷͰ (13)ɼͦΕͱ IGBEMʹΑΔ਺஋ղͱΛ

ൺֱ͢ΔɽҎԼɼ೾਺ k ͸ 3ͱͨ͠ɽ

໘ٿ S ͸࿡ຕͷ NURBSۂ໘ΛுΓ߹Θͤͯߏʹີݫ੒

͢Δ (14)ɽ͜ͷͱ͖ɼ֤໘Ͱ͸ ns = nt = 4 ͔ͭ ps = pt = 4

Ͱ͋Γɼϊοτྻ {si}ʢ{tj} ΋ಉ༷ʣ͸࣍ͷΑ͏ʹ͢Δɿ

si =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

0 i = 0, . . . , ps

i−ps
ns−ps

i = ps + 1, . . . , ns − 1

1 i = ns, . . . , ns + ps

ະ஌਺ͷ਺ʢNʣ͸ 6nsnt ఔ౓ͷͨΊɼIGBEMͷਫ਼౓Λ

্͛ΔͨΊʹ ns ͓Αͼ nt Λ૿Ճ͢Δɽ۩ମతʹ͸ɼܗٿ

Λอͭͭ࣋͠ϊοτΛૠೖ͢Δ (1)ɽ

IGBEMͷઃఆͱͯ͠͸ɼಛҟੵ෼͓Αͼۙಛҟੵ෼ͷα

ϒཁૉ෼ׂΛ͔͏ߦ൱͔ɼ·ͨਖ਼ଇԽΛ͔͏ߦ൱͔ʢͭ·Γɼ

ࣗ༝߲ͷࢉܭʹ (3)Λ༻͍Δ͔൱͔ʣͷೋ఺Λྀ͠ߟɼ࢛ͭ

ͷέʔεΛൺֱ͢Δɽ·ͨɼ͍ͣΕͷέʔεʹ͓͍ͯ΋ɼ1

ݩ࣍ Gauss਺஋ੵ෼ެࣜͷ఺਺͸ ఆͨ͠ɽݻʹ3

Fig. 2͸ u ͷີݫղʢu(r, θ) =
∑∞

n=0 i
n(2n+ 1)(jn(kr)−

A′
nh

(1)
n (kr))Pn(cos θ) ʹର͢Δ਺஋ղͷ૬ର l2 Λࣗ༝౓ࠩޡ

N ʹରͯ͠ϓϩοτ͍ͯ͠Δɽ͜͜Ͱɼjn ͸ٿ Besselؔ਺ɼ

h(1)
n ͸ୈ 1छٿ Hankelؔ਺ɼPn ͸ Legendreଟ߲ࣜͰ͋Γɼ

A′
n := j′n(ka)/h

(1)′
n (ka) Ͱ͋ΔʢϓϥΠϜ͸ a ʹؔ͢Δඍ෼

Λද͢ʣɽ·ͨɼ૬ର l2 ΔͨΊͷ͢ࢉܭΛࠩޡ u ͷࢉܭ఺

ͷ਺͸֤ NURBSۂ໘্Ͱ 30× 30ɼ߹ܭ 5400Ͱ͋Δɽཁૉ

෼ׂͱਖ਼ଇԽΛซ༻͢Δ͜ͱʢਤதͷ࠶ “Both”ʣͰࠩޡͷ
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Fig. 2 Relative l2 error of u. Here, “Subdiv.” and “Reg.”

stand for the element subdivision (recall Sections 4.4 and

4.5) and regularization (based on Eq. 3), respectively

6.2. ౓ղੳײ

લઅͷٿʹΑΔࢄཚղੳͷઃఆͷجͰɼ໨తؔ਺ J =
|u(z1)|2

2 ͷٿ൒ܘ a ʹؔ͢Δײ౓ ∂J
∂a Λ (21)ͷܗঢ়ಋؔ਺Α

ΓٻΊΔɽ͜ͷײ౓ͷີݫղ͸ɼ ∂J
∂a = ℜ

(
∂u
∂au

∗) Ͱ͋Δ͜
ͱ͔Βɼ্ʹड़΂ͨ u ؚ͕Ή܎਺ A′

n ͷ a ʹؔ͢Δඍ෼Λ

౳ࣜ߃ΊΕ͹Α͘ɼٻ jn+1(z)nn(z) − jn(z)nn+1(z) = 1/z2



͓Αͼ jn+2(z)nn(z)− jn(z)nn+2(z) = (2n+3)/z3ʢͨͩ͠ɼ

nn ͸ٿ Neumannؔ਺ʣΛ༻͍Δͱ, A′′
n = n2+1

ka4h
(1)′
n (ka)

ͱٻ

·Δɽ

ࣜ (23)ͷܗঢ়ಋؔ਺ʹײͮ͘ج౓ ∂J
∂a ͸ɼ੍ޚ఺ͷมԽ

෼ δCν ͕ −δan ʹ૬౰͢Δʢෛ߸͸๏ઢ n ޲ʹͷ಺ଆٿ͕

͍͍ͯΔͨΊʣ͜ͱΑΓɼ

∂J
∂a

≈
N∑

ν=1

sν · n (24)

ͷΑ͏ʹٻ·Δɽ͜͜Ͱɼsν ͷࢉܭʹඞཁͳओ໰୊͓Αͼਵ

൐໰୊ͷղੳʹ͸ɼαϒཁૉ෼ׂͱਖ਼ଇԽΛซ༻ͨ͠ IGBEM

Λ༻͍ͨɽ

Table ౓ղੳ݁ՌΛࣔ͢ɽະ஌਺ͷ਺ײʹ1 N ͷ૿Ճͱڞ

ʹ (24)ͷ஋͸ີݫղʹ͍͓ۙͮͯΓɼଥ౰ͳ݁Ռͱ͑ݴΔɽ

Table 1 Result for the shape sensitivity ∂J
∂a

N z1 = (0, 0, 1)T z1 = (1, 0, 0)T

384 3.157259e-01 6.837717e-01

866 3.170901e-01 6.923847e-01

2402 3.181013e-01 6.962599e-01

Exact 3.187004e-01 6.980664e-01

7. ݁࿦

ຊ࿦จͰ͸ɼઌڀݚߦ (6) ͷৄࡉΛิ͏໨తͰಛҟੵ෼ͷ

ॲཧํ๏ʹ࿦఺Λ͓͍ͯɼ3ݩ࣍ Helmholtzํఔࣜʹର͢Δ

isogeomtricڥքཁૉ๏ʢIGBEMʣͷఆࣜԽΛͨͬߦɽͦ͠

ͯɼIGBEM͓Αͼਵ൐ม਺๏ʹܗͮ͘جঢ়ײ౓ղੳख๏Λ

ࣔͨ͠ɽ਺஋࣮ݧͰ͸ྑ޷ͳղੳ݁Ռ͕ಘΒΕɼຊ਺஋ղੳ

ख๏ͷଥ౰ੑ͕ࣔ͞Εͨͱ͑ߟΒΕΔɽ

దԽ΁ͷԠ༻Ͱ͋Δɽ·ͨɼຊ࿦จͰ࠷ঢ়ܗͷ໨ඪ͸ޙࠓ

͸ؒ࣌ࢉܭʹ͍ͭͯ͸͍ͯ͠࡯ߟͳ͍͕ɼຊ IGBEMʹߴ଎

ଟॏۃ๏౳ͷߴ଎Խख๏Λಋೖ (15) ͢Δඞཁ΋͋Δɽ

ँࣙɿຊڀݚ͸Պݚඅʢ18K11335ʣͷॿ੒ͷݩʹ਱͠ߦ·͠

ͨɽ·ͨɼߍӾҕһΑΓ (15)ͱ (17)ͷࢉܭϛεΛࢦఠͯ͠

௖͖ɼ਺஋ղੳΛؚΊͯमਖ਼ͨ͠ɽँͯ͠هҙΛද͠·͢ɽ
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