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Hybrid Trefftz finite element method (HTFEM) with a nonlinear eigenvalue problem

solver, Sakurai-Sugiura projection method (SSM), for electromagnetic wave propagation

problems is inspected for finding a procedure for discarding nonphysical solutions and

dependence of computed eigenvalues on parameters of SSM. Numerical results of TE-

and TM-wave propagation constants on a three-layer-dielectric slab waveguide and a slab

waveguide with periodic thin conductor show that estimating value of condition numbers

of HTFEM matrices at computed solutions or changing an integral path in SSMmay point

out nonphysical solutions. Moreover, the three-layer-dielectric slab waveguide’s results

show that propagation constants computed by SSM with proper parameters converge.
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Fig. 1 Metallic grating on a dielectric slab waveguide

2.

Fig.1 ε1 μ1

h < y ε(x, y)

μ(x, y) 0 ≤ y ≤ h ε2

μ2 −d ≤ y < 0 ε3 μ3 y < −d

p

w h d

exp(jωt) z

( ∂
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≡ 0) . x

φ(x, y, z)

γ = β− jα φ̃(x+p, y) = φ̃(x, y)

φ(x, y, z, t) = ej(ωt−γx)φ̃(x, y)

β α j
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Γ4 Γ5(x = x0) Γ6(x = x0 + p)
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Fig. 2 Rectangular element with 4-edges and 4-nodes

[T (γ)]{Ê} = {0} (2)

{Ê} Ω2

N N [T (γ)] ∈ C
N×N γ

[T (γ)] = [A0] + [A+]e
−jγp + [A−]e

jγp + [gkl(γ)] (3)

[A0] [A+] [A−]

4 4

[gkl(γ)] k l γ

4. (SS )
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Γ̌ Jordan λl(l =

1, 2, · · · ,m) Γ̌ (2)

N 1 {V } ∈ C
N

f(γ) μk

f(γ) = {V }H[T (γ)]−1{V } (4)

μk =
1

2πj

∫
Γ̌

γkf(γ)dγ, k = 0, 1, · · · , 2m− 1 (5)

H

Γ̌ o ρ

(5)
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1

Ns
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h=0

(
ch−o

ρ

)k+1

f(ch), k=0, 1, · · · , 2m−1 (6)

ch Ns

ch = o+ ρe
2πj

Ns
(h+1/2)

, h = 0, 1, · · · , Ns − 1 (7)

f(ch) = {V }H[T (ch)]
−1{V }, h = 0, 1, · · · , Ns − 1 (8)
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Hankel
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i,j=1 (9)

[Ĥ<
m] = [μ̂i+j−1]

m
i,j=1 (10)

[T (γ)] λ̂l

{[Ĥ<
m]− ζ[Ĥm]}{ŵ} = {0} (11)

ζ̂l(l = 1, 2, · · · ,m)

λ̂l = o+ ρζ̂l, l = 1, 2, · · · ,m (12)

{x̂l}

{x̂l} = [{ŝ0}, {ŝ1}, · · · , {ŝm−1}]{ŵl}, l = 1, 2, · · · ,m (13)

{ŵl} {[Ĥ<
m]−ζ[Ĥm]}{ŵ}

= {0} ζ̂l

{ŝk} =
1

Ns

N−1∑
h=0

(
ch − o

ρ

)k+1

[T (ch)]
−1{V } (14)

Hankel m

M ≥ m M σ1 ≥ · · · ≥ σM

Hankel [ĤM ] δ K

σi ≥ δ (i = 1, 2, · · · ,K) M−K σi < δ

(i = K + 1, · · · ,M) K m

K (5)

SS

γ o ρ

Ns Hankel K

M δ {V }
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5.1.

Fig.1 Fig.3

k0p = 2.1 d = 0.5p ε1 = ε3 =

1.0 ε2 = 11.8 μ1 = μ2 = μ3 = 1.0

k0

TM0 TE0 TE1

γ γp = 4.33015 6.07580 2.30491

Ω1 Ω3 1

32

Mc 32 −32 32

SS M = 8 δ = 10−11

(12) λ̂lp [T (λ̂lp)]

C([T (λ̂lp)]) Table 1 2

[T (λ̂lp)] σmin

σmax σmin/σmax Intel R©

Math Kernel Library zgesvd (a) (b)
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Fig. 3 A three-layer-dielectric slab waveguide

TM0 TE0 γp

3 λ̂lp γp

Fig.4

Table 1(a) 3 K = 8 TM0

(l = 1) 7

TM0

l = 1, 2

4

+x TM0

−x TE1 l = 2

λ̂lp �(λ̂2p)− 2π = −2.30491

l ≥ 3

[T (λ̂lp)] l = 1, 2 102

(2) [T (λ̂2p)]

1 104 2(Ns = 64) 107

1 TE1

SS

Ns = 32 3 λ̂lp(l ≥ 3) Fig.4(a)

1 2 2 3 3 1

SS

2 Ns = 32 64

Ns SS
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Fig. 4 Distribution of computed eigenvalues of a three-layer

dielectric slab waveguide in case of M = 8 and δ =

10−11
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Fig. 5 Distribution of computed eigenvalues of metallic

grating on a dielectric slab waveguide in case of

M = 8 and δ = 10−11
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Table 1 Eigenvalues λ̂lp and condition number C([T (λ̂lp)]) in eq.(3) of a three layer dielectric slab

waveguide

(a) TM0 mode

Circle1(op=4.4, ρp=0.3) Circle2(op=4.4, ρp=0.4) Circle3(op=4.15+j0.1, ρp=0.3)

Ns=32 Ns=64 Ns=32 Ns=32

l λ̂lp C(T [λ̂lp]) λ̂lp C(T [λ̂lp]) λ̂lp C(T [λ̂lp]) λ̂lp C(T [λ̂lp])

1 4.33021+j0.00000 2.667×109 4.33021+j0.00000 8.875×107 4.33021+j0.00000 2.268×107 4.33021+j0.00000 4.052×106

2 3.97835−j0.00039 2.898×104 3.97827+j0.00000 1.546×107 3.97828+j0.00000 6.741×106 3.97827−j0.00000 5.224×107

3 4.16801+j0.19025 1.543×102 4.13004+j0.30175 1.546×102 4.01621+j0.33791 1.548×102 4.15758+j0.43815 1.558×102

4 4.13399+j0.15044 1.542×102 4.13366+j0.27615 1.545×102 4.14498+j0.31048 1.547×102 4.15599+j0.38222 1.552×102

5 4.02895+j0.16155 1.542×102 4.14358+j0.21831 1.544×102 4.12204+j0.26928 1.545×102 4.16300+j0.31156 1.547×102

6 4.14690+j0.10923 1.542×102 4.15754+j0.14733 1.542×102 4.14046+j0.18374 1.543×102 4.17194+j0.21571 1.544×102

7 4.16534+j0.05466 1.542×102 4.17189+j0.07512 1.542×102 4.16208+j0.09478 1.542×102 4.18146+j0.11287 1.542×102

8 4.17810+j0.01533 1.542×102 4.18023+j0.02057 1.542×102 4.17799+j0.02596 1.542×102 4.18392+j0.03023 1.542×102

(b) TE0 mode

Circle4(op=6.0, ρp=0.3) Circle5(op=6.0, ρp=0.4) Circle6(op=5.9, ρp=0.3)

Ns=32 Ns=64 Ns=32 Ns=32

l λ̂lp C(T [λ̂lp]) λ̂lp C(T [λ̂lp]) λ̂lp C(T [λ̂lp]) λ̂lp C(T [λ̂lp])

1 6.07576+j0.00000 1.102×1013 6.07576+j0.00000 1.088×1014 6.07576+j0.00000 1.465×1012 6.07576+j0.00000 1.940×1013

2 6.49059+j0.00002 1.218×106 6.49059−j0.00000 6.472×107 6.49059−j0.00000 1.136×1011 6.48742−j0.00069 6.252×103

3 6.36066+j0.00031 1.834×102 5.64518+j0.01443 1.545×102 5.44460+j0.01599 4.272×102 6.41385−j0.29928 1.550×102

4 5.80848+j0.02111 1.600×102 - - 6.13452−j0.11240 2.153×102 - -

5 4.79873−j0.00660 1.544×102 - - - - - -

Table 2 Eigenvalues λ̂lp and condition number C([T (λ̂lp)]) in eq.(3) of metallic grating on a di-

electric slab waveguide

Circle7(op=5.5−j0.1,ρp=0.3) Circle8(op=5.5−j0.1,ρp=0.4) Circle9(op=5.5−j0.2,ρp=0.3)

Ns=32 Ns=64 Ns=32 Ns=32

l λ̂lp C(T [λ̂lp]) λ̂lp C(T [λ̂lp]) λ̂lp C(T [λ̂lp]) λ̂lp C(T [λ̂lp])

1 5.40284−j0.33514 1.993×1016 5.40284−j0.33514 7.196×1016 5.40284−j0.33514 1.990×1016 5.40284−j0.33514 8.800×1016

2 5.70243−j0.03545 5.539×1014 5.70243−j0.03545 8.000×1013 5.70243−j0.03545 2.238×1014 5.70243−j0.03545 5.018×1014

3 5.34973−j0.30079 3.093×104 5.10266−j0.00893 1.366×104 5.34785−j0.44106 1.629×104 5.42371−j0.31973 7.477×104

4 5.53415−j0.32942 1.469×104 5.37354+j0.22353 1.366×104 5.09843−j0.00086 1.366×104 5.44507−j0.08417 1.366×104

5 5.12355−j0.05814 1.366×104 5.67347−j0.05446 1.366×104 6.97366−j0.16473 1.366×104 5.24100−j0.05698 1.366×104

6 5.77381+j0.09689 1.366×104 5.00209−j0.48473 1.366×104 5.68743+j0.06103 1.366×104 5.96372+j0.86781 1.366×104

7 3.60659−j0.16208 1.366×104 5.88296+j0.00694 1.366×104 4.10983+j0.07105 1.366×104 4.65607−j0.09855 1.366×104

8 - - 5.52906−j0.48525 1.366×104 7.05048+j0.97921 1.366×104 5.82036−j0.49987 1.366×104

ρp = 0.4 M = 8 γ̂p∣∣∣ γ̂p
γap

− 1
∣∣∣ Fig.7 Fig.7(a)

TE0 op = 6.0 δ

K = 1, 8 Fig.7(b) TM0

op = 4.4 δ K = 8, 12 Fig.6
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