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Periodic FMM (fast multipole method) is a fast algorithm to solve periodic boundary

value problems numerically. For further enhancements of the efficiency of the periodic

FMM, it is important to improve convergence of iterative solvers such as GMRES or BiCG.

In this paper, we present a preconditioner based on Calderon’s formulae to accelerate

convergence of iterative solvers in the periodic FMM for Helmholtz’ equation discretised

with Galerkin’s method. This preconditioner can be implemented more easily and make

convergence faster than conventional ones. We also make several numerical experiments

with this preconditioner.
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Fig. 1 Periodic boundary value problems.
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Fig. 2 The model of spheres of two layers.

g =Lki=k(G=12) 75t BIZAFEI—T
2, vk CTEIER O R 2 HER L 7o AN T I
EL. k=6.0,8=1.0,68=0¢%&L 7%,

Table 1 (3727
— Jp [tical — tana| dS
Jr ltana| dS
_ Jrlgeal = Gana dS
Qerr = —F 75—

fp |qana|d5
DEZEFIMEINICEICL 725D TH S, 727 L. tcals Geal 1
ZNEN U, Gh OBMM, vanas Gana FZNLH U, G2 D
fENTIRDETH %,

Table 1 £ O, fREIC X6 THI2REOHEEIR SN T WL
L2y 5,

Table 1 Relative error.

| e | =

approach 1 || 5.50 x 107° | 7.26 x 10~3

approach 2 || 5.73 x 107> | 7.06 x 1073

approach 3 || 5.74 x 107° | 8.21 x 1073

approach 4 || 5.74 x 107® | 7.20 x 1073

approach 5 || 6.51 x 107° | 1.16 x 1072

approach 6 || 7.11 x 107° | 1.27 x 1072

4.2. STEEH

BN & RIS, Fig. 2 OFEBUC B TR 2 AT %
ME%EZHEZ 2, k1 =6, e1 =1, ks = 62 & L. % 2l
D ex W U CEAEMAT % 17\, KB E O BKAE R %K & GHR
Rl % fRplic E L 0 77 7082 N F ., Fig. 3. Fig. 4
Th D,

approach 1 @)  approach 3 -4  approach 5 -
approach2 9~ approach4 JllF  approach6

Iteration Numbers

Fig. 3 Number of iterations of GMRES and
FGMRES for the model of spheres.

approach 1 @)  approach 3 &  approach 5 -
approach 2 9~ approach4 JllF  approach6 3

250000
4

200000

i
150000

100000

Computational Time (s)

50000

Fig. 4 Computational time for the model of

spheres.

FTEEITET D2 AR I wTE, REUTSI
D Acon D f#1E (approach 5) 7% A DA (approach 3) £
IR N E3b 25, THUREEFTETDZH W
HILE S 70y 7 AT 2 e 7c A=) v 7 Th B 2



EICEKLTE D, NAHOMENKEZ W S, N 25X /A7
W7z Agon ZRBATINCH I TSR — V) ¥ 7 DRIFD
REWEDEEZ NS, #IZ, ADRNALTITHIET S
D, D* DX A OMEIZIEF IS/ I L IWHIES o T
%, —J7, BIALBRAE L @ 2 ik z N % & REATIIN A D
fi#t7k: (approach 4) D J5D3 Acon % H\> 72 fif 1% (approach 6) &
Ry IS, ZaUE Xy > adi—fkk L &, approach
4 % Calderon O R IZH-D < B % H v 72 fig ¥ (approach
1) EEFICELD EEZ NS, FEFE, approach 4 I T
ZHTLELTFH] E L CH WS 2T, approach 1 £ &< [HU
il L %%, ¥7-, Calderon D FICHE-D { HILEL % FH 72 2
figd%: (approach 1, 2) \&, &5 6 OFHESEERIEE S %2 H
W7 HTALBEP LB L X D ERRESE L L 5,

Calderon @O H 12 F-D  BILEE % v 72 2 iRk % iR § %
7O, WL 777220 2EoARcH LT 7oy P LD
DM Fig. 5. Fig. 6 TH%, cnk hHEHED © 55032
g2 DIEIZE VT, BILBEELTH E LT T % {# 9 fi#¥E (approach
1) ORI 2S TA'T % i 9 fi#ik (approach 2) O g5
BEDbENZ b5,

approach 1 @  approach 2 ¥~

Iteration Numbers

0 1
0.01 0.1 1

€2

Fig. 5 Number of iterations of GMRES and
FGMRES for the model of spheres.

approach 1 @  approach 2 ¥~

Computational Time (s)

1000 L
0.01 0.1 1

€2

Fig. 6 Computational time for the model of

spheres.

o
i
#

R % H A v D TE B R o & BT ALBRAT SIS v B 5k
(approach 3, 5) & HiX| Calderon @RIz KD < HifLHE (ap-

proach 1, 2) {&, DURME2#E L S WHET 5 2 L3gdote,
F-HEBETIE £ L C Galerkin %2 H w26, #Rik%z
A7 5 E&ORITREATIN 2 W O 2 % 721 Tk, B
DOMEDBMFFTE R, L2 L., BRELICHOWZEED®S
BoN 2174 2 BB TS & L TH w5 721) (approach 1)
T, FEROFTAEATH % v % Calderon ® I 3D < FiifL
B (approach 2) £ 0 b A% W ERIBTIORT 2 2 L atb
otz, ZORNEETIOMTINIEREREEZHV5 I LETEH
HICFHHET 2 EDTE S, Fo, RS TRET 2 HijUH
FRBFEEOHETHIREL VEIFETH 5,

SHOBEE LT, X DISHICHIL 7= G 2 5k & Ff
OREICE T, ET 2 FIROMRZ MG § 5 2 L%
ot, £7-, AFEOMOTTRANDIGH b BELHED
12TH5,

EE XM

(1) Y. Otani and N. Nishimura. A periodic FMM for
Maxwell’s equations in 3D and its applications to prob-
lems related to photonic crystals. Journal of Computa-
tional Physics, Vol. 227, No. 9, pp. 4630-4652, 2008.

(2) Y. Saad. Iterative Methods for Sparse Linear Sys-
tems. Society for Industrial and Applied Mathematics,
Philadelphia, PA, USA, 2003.

(3) O. Steinbach and WL Wendland. The construction
of some efficient preconditioners in the boundary ele-
ment method. Advances in Computational Mathematics,

Vol. 9, No. 1, pp. 191-216, 1998.

(4) S.H. Christiansen and J.C. Nédélec. Des
préconditionneurs pour la résolution numérique des
équations intégrales de frontiere de D'acoustique.
Comptes Rendus de [’Academie des Sciences—Série
I-Mathématique, Vol. 330, No. 7, pp. 617-622, 2000.

(5) X. Antoine and Y. Boubendir. An integral precondi-
tioner for solving the two-dimensional scattering trans-
mission problem using integral equations. International
Journal of Computer Mathematics, Vol. 85, No. 10, pp.
1473-1490, 2008.

(6) FranFIR, PEATER. 2 XIU Helmholtz SN0 1 &
BERE RIS 5 9 % Calderon DRI < BB IZ D
W R AR SCER, Vol. 9, pp. 1-6, 2009.

(7) Y. Otani and N. Nishimura. An FMM for periodic
boundary value problems for cracks for Helmholtz equa-

tion in 2D. International Journal for Numerical Methods

in Engineering, Vol. 73, No. 3, p. 381, 2008.



